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Preface

The present work is a contribution to the understanding of ice dynamical processes

in mountainous terrain. The primary aim of the thesis was motivated by the lecture

�Glaciological Modeling� during my master's program in meteorology at the Univer-

sity of Innsbruck, Austria. The knowledge I gained about crucial concepts of glacier

dynamics and the accompanying computational skills to numerically calculate the

underlying physical principles have been more than a solid basis for the complement

of my master's degree.

Within the scope of my MSc project I completed an internship abroad to meet

my co-supervisor Dr. Jarosch at the University of Iceland in September 2013. This

gave me the opportunity to get direct supervision for my project as well as to

actively engage in the research activities of a foreign glaciology group. The period of

residence in Iceland resulted in two �nal presentations of my work to the members of

the Institute of Earth Sciences Reykjavík and to the glaciologists at the Department

of Meteorology and Geophysics Innsbruck, respectively. The hereby arised ideas and

approaches have been fundamental for my thesis and the encouragement � I have

received in this respect � has been my key-motivation throughout its writing process.
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Everyone who had the opportunity to muse about the majesty of glaciers while lying

in his tent on a remote mountain hike knows these needs. As far as I experienced,

these commonalities are shared by many glaciologists worldwide leading to a connec-

tion which is cross-cultural and rewarding itself. This comradeship will always rest

between the lines of the present thesis and has been a major stimulus in bringing it

to completion.

Christian Thomas Wild

Innsbruck, June 2014
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Abstract

Numerical simulation of glacier dynamics in mountainous regions is a useful tool

to investigate the glaciers' response to an ongoing climate change. However, uncer-

tainties persist in Glen's parametrization for the ice �ow since its formulation in the

1950s, thus directly a�ecting the reliability of model results.

Therefore, the main objective of the present study is to quantify the impact in-

troduced by inaccuracies of Glen's ice �ow parametrization within plausible bounds.

For this purpose, an existing state-of-the-art regional glacier model applied to the

Ötztal-Alps region, Western Austria, has been analyzed to gain knowledge about the

�ow properties of actual glacier systems. This model is based on the zeroth-order

shallow ice approximation and the �nite di�erence method. All model variables are

�xed to constant values while the �ow parameters are systematically varied, in order

to determine the relative and absolute e�ect of these perturbations on the model's

output. These are quanti�ed in the respective dynamic equilibrium states between

the applied mean climate and the glaciers' geometry. The sensitivity analysis demon-

strates how rate factor as well as creep exponent variations cause a strong decay of

the model outputs (ice volume, glacierized area, ice thickness) from highly-viscous

towards low-viscous ice rheologies, under the same climatic conditions. However,

the model performance becomes more and more independent of rate factor pertur-

bations the larger the value of the creep exponent. Additionally, the capability of

the procedure to determine the equilibrium states is investigated by comparing the

resulting �nal states to those achieved from di�erent initial conditions. Rapidly

changing the rheological properties towards lower ice viscosities leads to the gen-

eration of additional ice masses compared to simulations run from the raw bedock

map. This di�erence is attributed to the interaction between the glaciers' dynamics

and the boundary conditions.

Using numerical ice �ow models to simulate the future behaviour of actual

glacier systems should be accompanied by comprehensive sensitivity analysis to be

aware of the consequences induced by uncertainties in the ice �ow parametrization.

v



List of Figures

2.1 Stress regime around an in�nitesimal ice particle . . . . . . . . . . . . 8

2.2 Three perpendicular surfaces along the coordinate planes of a Carte-

sian system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Stress components on the yz-face of an in�nitesimal ice cube . . . . . 9

2.4 Schematic illustration of strain in the x-direction . . . . . . . . . . . 11

2.5 Sketches illustrating the two modes of shear . . . . . . . . . . . . . . 13

2.6 Typical creep curve for glacier ice . . . . . . . . . . . . . . . . . . . . 15

2.7 E�ective viscosity of ice for di�erent temperatures and an exponent

n = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.8 Rate factor A and viscosity parameter B as a function of ice temperature 22

2.9 Comparison of di�erent types of creep relations . . . . . . . . . . . . 24

3.1 Basic grid setup, de�nition of ice thicknesses at cell boundaries and

�ux components for hik, l > hik+1, l ∩ hik, l+1 . . . . . . . . . . . . . . . . 35

3.2 Time-stepping stability criteria as a function of the creep exponent

for two-dimensional con�gurations . . . . . . . . . . . . . . . . . . . . 40

3.3 Sketch of the time integration principle to achieve stable simulations

that sum up to consecutive years . . . . . . . . . . . . . . . . . . . . 41

3.4 Three dimensional view on the mapped topography of the bedrock

surface with a horizontal resolution of 100 m . . . . . . . . . . . . . . 42

3.5 Schematic illustration of the applied work�ow to achieve comparable

quantities for the sensitivity analysis . . . . . . . . . . . . . . . . . . 42

3.6 Mean monthly geopotential height for 850 and 500 hPa over the 1801

to 1900 period as solids . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.7 Mean monthly temperatures at the corresponding geopotential

heights over the 1801 to 1900 period as solids . . . . . . . . . . . . . 45

3.8 Mean monthly precipitation values at the reference plain over the

1801 to 1900 period as solids . . . . . . . . . . . . . . . . . . . . . . . 46

3.9 Vertical temperature pro�les computed from the climatology and the

respective lapse rate pathway throughout the year . . . . . . . . . . . 48

3.10 Variations in the equilibrium line altitude (ELA) over the year . . . . 49

3.11 Monthly surface temperatures at each elevation calculated from the

vertically linear decaying temperature pro�les . . . . . . . . . . . . . 50

3.12 Monthly mass balances over 2000 m computed from the surface tem-

peratures and precipitation . . . . . . . . . . . . . . . . . . . . . . . . 51

vi



LIST OF FIGURES vii

3.13 Annual mean temperatures at bedrock elevation and calculated po-

tential mass balances over 2000 m in the ice free state for DDF = 0.4

m ◦C−1 month−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.14 Glacier properties and surface mass balance details in the equilibrium

state. Contours are displayed in 1 m steps, the ELA is outlined bold . 55

4.1 Overview and general concept of the studied parameter space . . . . 58

4.2 Equilibrium ice volume in the domain for each �ow parameter com-

bination and its anomaly from the reference state . . . . . . . . . . . 59

4.3 Final amount of relative ice covered area for each �ow parameter

combination and its anomaly from the reference state . . . . . . . . . 60

4.4 Maximum ice column height in the equilibrium state for each �ow

parameter combination and its anomaly from the reference state . . . 61

4.5 Glaciation and mass balance properties of the largest and smallest

glaciers in the equilibrium state . . . . . . . . . . . . . . . . . . . . . 62

4.6 Mean surface mass balances of the glaciated areas, resulting from each

�ow parameter combination and its anomaly from the reference state 63

4.7 Attained minimum mass balances for each �ow parameter combina-

tion and its anomaly from the reference state . . . . . . . . . . . . . . 64

4.8 Glacier geometries and surface conditions for lower, middle and upper

values of the rate factor in the respective equilibrium states . . . . . . 65

4.9 Total ice volumes for n = 3.0 and its sensitivity to perturbations in

the rate factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.10 Relatively ice covered area for n = 3.0 and its sensitivity to pertur-

bations in the rate factor . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.11 Mean mass balances for n = 3.0 and its sensitivity to perturbations

in the rate factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.12 Glaciation properties and surface mass balance characteristics for

lower, middle and upper values for the creep exponent . . . . . . . . . 68

4.13 Total ice volumes for A = 2.4 yPa−3 s−1 and its sensitivity to pertur-

bations in the creep exponent . . . . . . . . . . . . . . . . . . . . . . 69

4.14 Relatively ice covered area for A = 2.4 yPa−3 s−1 and its sensitivity

to perturbations in the creep exponent . . . . . . . . . . . . . . . . . 69

4.15 Mean mass balances for A = 2.4 yPa−3 s−1 and its sensitivity to

perturbations in the creep exponent . . . . . . . . . . . . . . . . . . . 70

5.1 Comparison of various �nite di�erence methods on the computed total

ice volumes along the A variation . . . . . . . . . . . . . . . . . . . . 74

5.2 Comparison of various �nite di�erence methods on the computed total

ice volumes along the n variation . . . . . . . . . . . . . . . . . . . . 75



viii LIST OF FIGURES

5.3 Comparison between the actual equilibrium states computed from

ice free initial conditions and the approximated �nal states simulated

from an ice covered initial state . . . . . . . . . . . . . . . . . . . . . 76

6.1 Glaciation and mass balance properties for di�erent creep exponents

of the transient parameter space close to the respective equilibrium

states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

7.1 Comparison between the mean surface mass balances of the two methods 94



List of Tables

3.1 Statistics of the mean climate scenario . . . . . . . . . . . . . . . . . 47

3.2 Equilibrium quantities of various DDFs . . . . . . . . . . . . . . . . . 54

ix



Contents

Preface iii

Abstract v

List of Figures viii

List of Tables ix

1 General Introduction 1

1.1 Overall Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Goals and Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Theoretical Background 7

2.1 Primer on Stress and Strain . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Derivation of the E�ective Stress . . . . . . . . . . . . . . . . 7

2.1.2 Strains and Strain Rates . . . . . . . . . . . . . . . . . . . . . 10

2.2 Rheology of Ice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Ice Constitutive Relation . . . . . . . . . . . . . . . . . . . . . 16

2.2.2 Flow Parameters . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Mechanics of Glacier Flow . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.1 Stokes Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.2 Shallow Ice Approximation . . . . . . . . . . . . . . . . . . . . 27

3 Methodology 31

3.1 Model Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1.1 Di�usion Problem . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1.2 Numerical Schemes . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.3 Subglacial Topography . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Sub-Module Description . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.1 Earth System Model . . . . . . . . . . . . . . . . . . . . . . . 43

3.2.2 Mass Balance Model . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.3 Ice Flow Model . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Tuning the Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

x



CONTENTS xi

4 Sensitivity Analysis 57

4.1 Flow Parameter Pairings . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.1.1 Glaciation Properties . . . . . . . . . . . . . . . . . . . . . . . 59

4.1.2 Mass Balance Features . . . . . . . . . . . . . . . . . . . . . . 61

4.2 Cross-Section Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2.1 Rate Factor Sensitivity . . . . . . . . . . . . . . . . . . . . . . 64

4.2.2 Creep Exponent Sensitivity . . . . . . . . . . . . . . . . . . . 68

5 Uncertainty Analysis 71

5.1 Signi�cance and Interpretability . . . . . . . . . . . . . . . . . . . . . 71

5.1.1 Accuracy of Finite-Di�erence Approximations . . . . . . . . . 71

5.1.2 Evaluation and Error Estimation . . . . . . . . . . . . . . . . 75

5.2 Application Limitations . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2.1 Other Methods for Sensitivity Analysis . . . . . . . . . . . . . 77

5.2.2 Interactions between the Flow Parameters . . . . . . . . . . . 79

5.2.3 Disregarded Controls on the Rate Factor . . . . . . . . . . . . 80

6 Discussion 83

6.1 Target-Performance Comparison . . . . . . . . . . . . . . . . . . . . . 83

6.1.1 Objective i: Numerical simulation of ice dynamics in a realistic

topography with a widely used ice �ow model approach . . . . 83

6.1.2 Objective ii: Informative details for the understanding of the

relevant processes within climate projections . . . . . . . . . . 84

6.1.3 Objective iii: Quanti�cation of the relative importance of sin-

gle variables within the ice �ow parametrization on the model

outputs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.1.4 Objective iv: Comparison of the OFAT sensitivity analysis

with respect to di�erent methods . . . . . . . . . . . . . . . . 86

6.2 Conceptual Re�ections . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.2.1 On the Transition Region . . . . . . . . . . . . . . . . . . . . 86

7 Conclusion and Outlook 89

7.1 Major Implications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7.1.1 Key Findings . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7.1.2 Model Hysteresis . . . . . . . . . . . . . . . . . . . . . . . . . 91

7.2 Future Improvement Possibilities . . . . . . . . . . . . . . . . . . . . 92

7.2.1 Development of a Parallelized Model . . . . . . . . . . . . . . 92

7.2.2 Drop-O� Utilization . . . . . . . . . . . . . . . . . . . . . . . 93



xii CONTENTS

Bibliography 95

Abbreviations 101

Nomenclature 103

Declaration of Authorship 107

Acknowledgments 109

Curriculum Vitae 111



Chapter 1

General Introduction

1.1 Overall Objectives

Recent history is characterized by catchwords as �global warming� and �climate

change�. Therefore, scienti�c disciplines analyzing the consequences of this climatic

shift have become key topics in the natural sciences and �ndings gain center stage in

today's media. One main implication on a global scale is sea-level rise (SLR) result-

ing from a variety of interacting mechanisms within the climate system. Numerical

simulation of these physical processes is a useful tool to analyze the interconnection

between external drivers and the natural response which is not readily observeable

in one human lifespan. As Global Climate Models (GCMs) are re�ned to include

an increasing number of feedback mechanisms, they are getting more and more

sophisticated.

The relevant e�ects that account for SLR on multidecadal time scales are ther-

mal expansion due to heat uptake by the global ocean, mass loss from the Greenland

and Antarctic ice sheets and changes in water storage on land caused principally by

groundwater depletion and reservoir construction. Alongside of this impacts, mass

loss from glaciers1 has been the largest contribution to SLR during the 20th cen-

tury (Gregory et al., 2013). This is consistent with glacier length records from all

regions of the world showing a retreat during the previous century (Leclercq et al.,

2011), indicating a substantial net mass loss due to a warming climate (Leclercq

and Oerlemans, 2012). Those retreating glaciers are reconstructed to have lost mass

corresponding to 114 ± 5 mm sea-level equivalent (SLE) between 1902 and 2009.

To explore future changes Representative Concentration Pathways (RCPs) demon-

strating a broad range of climate outcomes (Van Vuuren et al., 2011) can be applied

to projections of SLR. Results show an additional mass loss from glaciers during

the 21st century between 148 ± 35 mm (RCP26) and 217 ± 47 mm (RCP85) SLE,

depending on the scenario (Marzeion et al., 2012). This contribution to contem-

porary SLR demonstrates that mountain glaciers are most susceptible to climate

change. The vast majority of fresh water on Earth is stored in Antarctica (61 %) �

an amount equivalent to 70 m SLR � and there is no doubt that this meltable ice

1Whenever using the word glaciers, all forms of land-based ice bodies aside from the Greenland

and Antarctic ice sheets are meant.

1



2 General Introduction

is the dominant contributor causing SLR over millenia. However, if the Antarctic

contribution is interpreted as an ongoing response to climate change over previous

millennia, its 20th century contibution can be approximated by 0 to 20 mm (Gre-

gory et al., 2013). Thus, it is the glaciers that will have a large contribution to

contemporary SLR until the end of the 21st century, namely 124 ± 37 mm (Radi¢

and Hock, 2011).

Impacts of shrinking glaciers have already been and will be momentous. Due

to their fast response to external forcings disappearing glaciers have become poster

children of global warming. Beside this popular aspect, glaciers directly a�ect the

living conditions of a large portion of the world's population. By compensating the

low availability of rainwater in dry seasons with the glaciers' melt water, they are an

important regulator of water availability especially in seasonally arid regions (Kaser

et al., 2010). This glacier volume �uctuations leading to water resource problems

may be serious on a longer time scale (months�years�decades) but other related haz-

ards are less obvious. The absence of a cold bu�er leads to a destabilisation of slopes

and ice-cored moraines in glaciated regions of the world. As a consequence, the total

number of hazardous moraine-dammed lakes is increasing as well as their potential

to burst catastrophically, producing devastating outburst �oods with discharge rates

of 30 000 m3 s−1 (Richardson and Reynolds, 2000).

The wide-ranging rami�cations of climate change underline the importance of

alpine glaciers and explain why they play a major part in modern climate change

projections. Hence, it is important to gain knowledge about the glaciers' behaviour

when subjected to an ongoing climate change in coming decades. Due to the com-

plexity and the underlying very long timescales, one major problem of sea-level

models arises when it comes to the representation of mountain glaciers and ice

sheets. Beside statistical practices, one possible approach is to explicitly simulate a

larger ice-covered region of the globe at a sub-kilometer resolution. These ice dy-

namical models are applied to computational domains containing a vast number of

grid nodes and are integrated over century-long periods. Currently, regional glacier

evolution can not be simulated by the usage of these models, because their high

computational demands restrict calculations to individual glaciers. By conducting

mathematical and physical approximations the model's complexity can be reduced

and greater computational e�ort is available to address large-scale problems. The

main simpli�cations in this respect are the enlargement of horizontal resolution and

the negligence of possible basal slip at some cost to model accuracy. Via reducing

the present stress gradients to the most important ones, a shallow ice approximation

(SIA) model together with a �nite di�erence discretization can be employed for the

explicit numerical solution of di�erential equations like boundary value problems

prevailing in glaciology (e.g. Maha�y, 1976). These SIA ice �ow models (IFM) ne-
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glect all stress gradients other than the vertical gradient of shear stress and are valid

for settings featuring a small aspect ratio δ = h/l � 1, where h is a characteristic

ice thickness and l is a typical glacier length scale. Jarosch et al. (2013) ensured

mass conservation to those models by applying a second-order �ux-limiting spatial

discretization to the di�usion term in the shallow ice equation. This further step

solved the major problem of SIA-models to infringe the law of conservation of mass

in locations where steep topography is an issue (e.g. East Greenland and alpine

glaciers). Thus, zeroth-order SIA models can be applied to regional glacier models

(RGMs) simulating glaciation in mountainous terrain with complex topography over

century-long periods.

Nevertheless, the problem of parameter uncertainty remains. The physical prop-

erties of ice are regarded in IFMs via the inclusion of its rheology into the model's

equations. Parametrizations entail constants whose values can be determined by

laboratory experiments or less well-constrained �eld data (see Hooke and Hanson,

1986; Weertman, 1983 and Raymond, 1973). As a result, temperate glaciers behave

di�erently than expected from laboratory measurements and recommended values

describing the creep properties of ice have an inherent uncertainty (Cu�ey and Pa-

terson, 2010). Following this idea, a sensitivity analysis is carried out on the ice �ow

parametrization within a RGM to determine the e�ect of parameter uncertainty on

the model's output. This should provide informative details for modellers interested

in simulating glaciers.



4 General Introduction

1.2 Goals and Outline

This stand-alone document is built around several key questions in order to put

the synthesis in a broader context of the relevant research goals. By focusing on

the e�ects of parameter uncertainties on the dynamics of mountain glaciers, the

following objectives are investigated in this study:

(i) To numerically simulate ice dynamics in a realistic topography with a widely

used ice �ow model approach, including the three-dimensional structure and

associated seasonal dependencies

(ii) To provide informative details for the understanding of the relevant processes

within climate projections, or more speci�cally to which extent this knowledge

is limited by the prevailing parameter uncertainty inside the model for ice dy-

namics

(iii) To determine the relative importance of single variables within ice �ow

parametrizations on the model outputs such as total ice volume, ice covered

area and maximal ice column height

(iv) To discuss the approach of a one-factor-at-a-time (OFAT) sensitivity analysis

with respect to di�erent methods, their application, respective advantages and

disadvantages

For this purpose, a SIA model is applied to the ice dynamics in the Ötztal-Alps

region in western Austria. Simulations are redesigned to conduct an OFAT approach

for a investigation of the ice �ow parametrization within the applied model. The

introduction (Chapter 1) provides a short overview of the current scienti�c challenges

and presents the reasons to develop the research qustions listed above.

After the introduction, the �rst part of the present thesis (Chapter 2) investigates

the mathematical as well as the physical background to develop and especially to

understand the �nal results. This includes a repetition on the principles of stress

and strain, followed by the description of the rheological properties of ice and the

re�ection of the mechanics of glacier �ow. Since the model at hand utilizes the SIA,

this chapter is concluded by a description of its underlying approximations.

The model setup and its constructive steps are the objective of Chaper 3. Due to the

prevailing complex topography a numerical scheme which ensures mass conservation

to the �nite di�erences solution of the SIA model is required. For this reason, this

part of the thesis begins with a detailed description of the model's numerics including

the applied spatial discretization and temporal integration. In addition to that, this
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methodology part spans from the analysis of the climate data to the tuning step of

the model to a suitable peformance for the upcoming OFAT analysis.

Chapter 4 deals with the core of this thesis and presents the results of the per-

formed sensitivity analysis on the ice �ow parametrization. Findings are displayed

for simultaneous perturbations of the �ow parameters as well as for the respective

proportions of rate factor variations or creep exponent perturbations.

The uncertainty analysis (Chapter 5) weighs up the advantages and disadvantages

of the applied method and provides information about the accuracy of the results.

Additionally, this chapter points to further approaches for estimating model sensi-

tivities. These alternative methods are outlined but not calculated. The chapter

concludes with the comparison between the properties of ice in reality and the con-

sequences on the sensitivity results of approximations in the model formulizations.

The discussion (Chapter 6) gives answers to the main research questions derived

in the �rst part of the thesis. In addition to that the concept to investigate the

objectives is re�ected.

Major implications are summarized in Chapter 7 to lead to a detailed proposal for

future research to address remaining questions which go beyond the scope of this

thesis.
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Chapter 2

Theoretical Background

2.1 Primer on Stress and Strain

Large scale glacier dynamics can be analyzed by using basic concepts of continuum

mechanics. Therefore the ice mass is considered to be continuous rather than a

buildup of discrete particles. The glacier �ow can be described by solving partial

di�erential equations which are based on fundamental physical laws such as the

conservation of mass as well as the conservation of momentum and energy. The

properties of ice are added through a constitutive equation, which relates kinetic

to kinematic quantities to approximate the response to external stimuli. Those ice

speci�c properties can be represented by the use of time-varying tensor �elds for

computational convenience. Deformation of ice is the topic of the following sections

2.2 and 2.3, but �rst the two central quantities involved shall be discussed more

extensively, namely, stress and strain.

2.1.1 Derivation of the E�ective Stress

Mechanical stress inside a body of ice arises from the reaction to external forces like

gravity applied to the bulk material. Stresses are forces per unit area and have the

dimensions of pressure N m−2, or Pa. Thus they can be described mathematically

by vector quantities in that they have a magnitude and direction (Fig. 2.1). In

three-dimensional space, the state of all acting stresses at any point inside a body

of ice can be described by three perpendicular surfaces through each point. Nor-

mal stresses are directed perpendicular to the surface on which they are acting,

whereas shear stresses act along this surface. For each of the three surfaces there

exist three individual stress components, or more speci�cally, one normal stress and

two shear stresses parallel to the surface on which they are acting. The e�ects of

normal stresses on the body of ice are tension (positive) or compression (negative),

respectively, while that of shear stress is traction. The state of stress at each point

can be completely speci�ed by the full Cauchy stress tensor σ as in eq. (2.1). The

respective components are de�ned as σij, with i, j = x, y, z, the three axes of the

Cartesian coordinate system. Note: It is common to replace its six shear components

σxy, σyx, σxz, . . . by the shear stresses denoted by τxy, τyx, τxz, . . .. This assemblage

7
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Figure 2.1: Stress regime around an in�nitesimal ice particle with shaded isosurfaces of

constant pressure. The magnitude is enhancing with distance from the center, i.e. the

extent of the surrounding ice.

of stress vectors is de�ned by a second order tensor and can be decomposed as

σ = σij =

σxx τxy τxz

τyx σyy τyz

τzx τzy σzz

 . (2.1)

By sign convention, the �rst su�x in a pair of indices denotes the perpendicular

plane on which the stress acts, and the second identi�es the direction of the stress.

Here σxx, σyy and σzz are the three normal stresses which point along the direction of

the Cartesian system. The six remaining components τij are the shear stresses and

act in their corresponding coordinate plane (Fig. 2.2). On closer consideration of

the arising in�nitesimal ice cube, similar stresses occur on the hidden faces, but they

act in the opposite directions. By sign convention, these stresses can be regarded as

uniformly distributed and constant in value. For steady (non-accelerating) uniform

motion, it can be shown that tangential forces on adjacent faces must balance to

obtain the law of conservation of angular momentum (for example, Jaeger (1969)

and Hutter (1983)). Thus, rotational acceleration of the element is prevented by

σij − σji = 0 and the value of each shear stress component is independent of the

order of its subscripts (Fig. 2.3). As a result, a positive σyy pulls the square in y-

direction while it is balanced through an opposing stress −σyy. Likewise, τyz displays
a balancing component τyz on the opposite side of the square.
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σyy

τyx

τyz

σzz

τzy

τzx

σxx

τxz

τxy

Figure 2.2: Three perpendicular surfaces along the coordinate planes of a Cartesian

system. The common intersection point is located at the center of the in�nitesimal ice

volume. Colored stress components belonging to the individual planes.

Y

Z
σzz

τzy

τyz

σyy

σzz

τzy

σyy

τyz

n̂(+)

n̂(+)

n̂(−)

n̂(−)

Figure 2.3: Normal (σii) and shear (τij) stress components on the yz-face of an in�nites-

imal ice cube.

The magnitude of the stress components depends on the de�nition of the axes. By ro-

tating the coordinate system until the shear stress components become zero, namely

τij = 0, the normal stress components σii are being maximized at the same time

(derivation in Cu�ey and Paterson, 2010, page 676 pp). These coordinate directions

de�ne the principal axes and the three corresponding principal stresses, denoted by

σ1, σ2 and σ3. The purpose of this procedure is to re�ect the principle, that strain-

ing in glaciers is the result of pressure di�erences due to ice surface slopes and not

of the much larger hydrostatic pressure at depth z. The stress deviators σ́xx, σ́yy
and σ́zz are expressed if the mean of the principal stresses (σM = 1/3 [σ1 + σ2 + σ3])

is substracted from the principal stresses individually as in eq. (2.2). Thus, the
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deviatoric stress tensor σ́ is de�ned by

σ́ = σ́ij =

σ1 − σM σ́xy σ́xz

σ́yx σ2 − σM σ́yz

σ́zx σ́zy σ3 − σM

 =

σ́xx σ́xy σ́xz

σ́xy σ́yy σ́yz

σ́xz σ́yz σ́zz

 . (2.2)

The mean principle stress σM is close to the prevailing hydrostatic pressure p at

depth z and contributes only to the normal stresses. Since the hydrostatic pressure

increases linearly with depth, at a rate ρice g∆z (where ρice is the density of ice and g

is the acceleration vector due to gravity), the deviatoric normal stresses σ́ii are very

di�erent from the total normal stresses, especially at large depths. The three normal

stress deviators sum to zero, because the material must ful�ll the incompressibility

criteria of ice to keep the density constant. Since there are no shear stresses left,

the present stress acts either as an isotropic compression (positive values) or as a

tensile stress (negative values) and remains always perpendicular to any surface.

Theoretical considerations suggest that the rate of deformation of an in�nitesimal

ice volume depends not only on the present stress in that direction, but rather on

all of the other stresses acting on the medium. This can be taken into account by

de�ning the e�ective shear stress σe acting on the medium. Contemporary literature

comprises basically two di�erent de�nitions. First Hooke (2005) de�ned σe as:

σe =
1√
2

(
σ́2
xx + σ́2

yy + σ́2
zz + σ2

xy + σ2
yx + σ2

xz + σ2
zx + σ2

yz + σ2
zy

) 1
2 (2.3)

Note: Instead of using σe for calculations, some glaciologists prefer the octahedral

shear stress σo thus it is bene�cial to de�ne it, as:

σo =
1√
3

(
σ́2
xx + σ́2

yy + σ́2
zz + σ2

xy + σ2
yx + σ2

xz + σ2
zx + σ2

yz + σ2
zy

) 1
2 (2.4)

Second Cu�ey and Paterson (2010) de�ned the e�ective shear stress as:

σe =

√
1

2

[
σ2
xx + σ2

yy + σ2
zz

]
+ σ2

xz + σ2
xy + σ2

yz (2.5)

In this study, the de�nition of Hooke (2005) is followed. For the sake of completeness,

the di�erent de�nition of Cu�ey and Paterson (2010) is shown where necessary.

2.1.2 Strains and Strain Rates

As ice is considered to be a deformable �uid, the combined actions of all present

stresses acting on an ice volume induce deformation. The relative displacement of

particles from a reference state l0 to a current con�guration l1 can be described by

strain (commonly denoted as ε). Thus, the elongation of a line segment is de�ned by

the di�erence ∆l = l1− l0 and the strain by ε = ∆l/l0. If those strains are considered
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to be in�nitesimal in the sense of the time required for the deformation t → 0, the

strain is de�ned as:

ε = lim
l→∞

∆l

l0
(2.6)

Within the scope of the in�nitesimal strain theory as in eq. (2.6) the displacements of

the material particles are assumed to be very small compared to any other dimension

of the ice body. This consideration is problematic when strains are calculated from

�eld measurements, because the total strain is normally not in�nitesimal. Against

this background, deformations must be large enough to exceed the uncertainty in the

measurement method. However, if strains can be treated as an in�nitesimal process,

the elongation ∆l can be replaced with dl. Thus, deformation can be derivated as

the sum of the in�nitesimal strains, or:

ε =

l=l1∑
l=l0

dl
l

=

∫ l1

l0

dl
l

(2.7)

Solving eq. (2.7) yields the logarithmic strain, given by

ε = ln
l1
l0

(2.8)

A B

A′ B′

−→ r A

−→rB

−−→drA
−−→drA

−−→
drB

−→
dr

l x̄+ l ∂x̄∂x

x̄ l + ∆l

Figure 2.4: Schematic illustration of strain in the x-direction

If a line segment
−→
AB of length l is translated in the positive x-direction in the way

that its left end Amoves with the absolute value x̄ and its right end B with x̄+l∂x̄/∂x,

the x-component of its new length
−−→
A′B′ is given by l + ∆l (Fig. 2.4). Substituting

into eq. (2.8) yields to the value of the strain component in the x-direction, by

εxx = lim
l→∞

x̄+ l (∂x̄/∂x)− x̄
l

=
∂x̄

∂x
. (2.9)

Analog in the y- and z-direction to get the additional normal strain components:

εyy = ∂ȳ/∂y and εzz = ∂z̄/∂z (see Hooke, 2005). The strain factor is then de�ned by

the absolute value of the deformation vector

| −→dr |= |
−−→
A′B′ |
| −→AB |

(2.10)
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which can be constructed geometrically as

−→
dr =

−−→
A′B′ −−→AB

= (−→rB +
−−→
drB)− (−→rA +

−−→
drA)− (−→rB −−→rA)

=
−−→
drB −

−−→
drA. (2.11)

First-order Taylor expansion of the displacement vector gives for a three dimensional

Cartesian coordinate system xi(i, j = 1, 2, 3)

−→
dr =

∂−→r
∂xj

dxj (2.12)

or in terms of
−→
dr components

dri =
∂ri
∂xj

dxj. (2.13)

Thus, the nine quantities ∂ri/∂xj form a second order tensor, which can be decom-

posed in a symmetric and an asymmetric part

∂ri
∂xj

=
1

2

(
∂ri
∂xj

+
∂rj
∂xi

)
+

1

2

(
∂ri
∂xj
− ∂rj
∂xi

)
. (2.14)

The �rst term on the right hand side represents the deformation of the in�nitesimal

ice cube, whereas the second term describes a rigid-body rotation. The symmetric

part of eq. (2.14) de�nes the strain tensor ε, whose nine components are given

through

εi,j =
1

2

(
∂ri
∂xj

+
∂rj
∂xi

)
(2.15)

or in tensor notation

ε = εi,j =

εxx εxy εxz

εxy εyy εyz

εxz εyz εzz

 . (2.16)

That way, the remaining shear strains for in�nitesimal changes (using the notation

of Fig. 2.4) can be calculated as

εxy =
1

2

(
∂x̄

∂y
+
∂ȳ

∂x

)
, εyz =

1

2

(
∂z̄

∂y
+
∂ȳ

∂z

)
and εzx =

1

2

(
∂x̄

∂z
+
∂z̄

∂x

)
.

(2.17)

There are two types of deformation (Fig. 2.5). Shearing results from simple

shear coming from the strain tensor's o�-diagonal elements (i 6= j) and extension

or compression is the consequence of its diagonal pure shear elements (i = j),

individually assessable via eq. (2.15).
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Figure 2.5: Sketches illustrating the two modes of shear.

The concepts derivated above are valid for solids and their irreversible type of de-

formation (∼= plasticity). However, deformation in glaciers is described using basic

principles of �uid mechanics. For this reason, strain rates are normally of greater

interest in glaciology, rather than strains. To obtain rates, the strain must be dif-

ferentiated with respect to time. Thus, the strain rate is usually notated by a dot

above the strain tensor and is by de�nition

ε̇ij =
d
dt

(εij) =

=
1

2

[
∂

∂xj

(
dri
dt

)
+

∂

∂xi

(
drj
dt

)]
=

=
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (2.18)

Velocity is de�ned as a change in distance with time, thus ui represents the three

components of ice velocity in the three orthogonal directions xi. If i = j in eq. (2.18)

it reduces to the three normal-, otherwise it yields to the six independent shear strain

rate components. Thus, the strain rate tensor ε̇ exhibits the same symmetry as does

the full stress tensor σ. Therefore, equations (2.3) and (2.4) then imply the e�ective

strain rate of deformation, ε̇e, according to Hooke (2005) by

ε̇e =
1√
2

(
ε̇2xx + ε̇2yy + ε̇2zz + ε̇2xy + ε̇2yx + ε̇2xz + ε̇2zx + ε̇2yz + ε̇2zy

) 1
2 (2.19)

and to the octahedral shear strain rate, ε̇o, de�ned by

ε̇o =
1√
3

(
ε̇2xx + ε̇2yy + ε̇2zz + ε̇2xy + ε̇2yx + ε̇2xz + ε̇2zx + ε̇2yz + ε̇2zy

) 1
2 . (2.20)

Whereas Cu�ey and Paterson (2010) again underline the e�ective strain rate as an

additive measure of total magnitude which is independent of the choice of coordinate

axes and therefore equal to the second invariant of the strain rate tensor, as

ε̇e =

√
1

2

[
ε̇2xx + ε̇2yy + ε̇2zz

]
+ ε̇2xz + ε̇2xy + ε̇2yz (2.21)
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Since stress and the resulting strain rates are two tensors that feature prominently

in ice dynamics, important tensor properties that will be used in further chapters are

outlined below to conclude this mathematical toolbox. As noted above, strain rates

can be described by calculation of the spatial gradients of each of the three velocity

components resulting in a set of three vectors de�ned by nine individual scalars.

These nine components form a second-order tensor which can be represented by a

3× 3 matrix. The three invariants of this tensor are scalar quantities whose values

are independent of the orientation of the coordinate axes. They represent the three

solutions of the characteristic equation

det (T − λI) =

∣∣∣∣∣∣∣
Txx − λ Txy Txz

Txy Tyy − λ Tyz

Txz Tyz Tzz − λ

∣∣∣∣∣∣∣ = 0, (2.22)

where T is a tensor (e.g. the full stress tensor σ, or the strain rate ε̇) and I is the

identity tensor (all elements are 0, except that Ixx = Iyy = Izz = 1). The three

solutions of eq. (2.22) are according to Hooke (2005):

λ1 = Txx + Tyy + Tzz, (2.23)

λ2 = T 2
xy + T 2

yz + T 2
xz − TxxTyy − TyyTzz − TxxTzz, (2.24)

λ3 = det (T ) = (2.25)

= Txx (TyyTzz − TyzTzy)− Txy (TyxTzz − TyzTzx) + Txz (TxyTyz − TyyTxz) =

(2.26)

= TxxTyyTzz + 2TxyTyzTxz − TxxT 2
yz − TyyT 2

xz − TzzT 2
xy.

These scalars have a clear physical meaning. For the full stress tensor σ the �rst

invariant λ1 equals three times the hydrostatic pressure, whereas it is zero for the

deviatoric stress tensor σ́. Therefore, the deformation of ice is independent of the

hydrostatic pressure and deviatoric stresses, rather than full stresses, are used to

describe the rheological properties of glacier ice (Rigsby, 1958). The second solution

λ2 of this tensor gives the e�ective stress as in eq. (2.3).

For the strain rate tensor ε̇ the �rst invariant is zero, because ice is an in-

compressable material and its density remains constant during deformation. Thus,

ε̇xx+ ε̇yy + ε̇zz = 0. A more compact relation for the deviatoric stress tensor σ́ based

on the full Cauchy stress tensor is

σ́ij = σij −
1

3
δij σij, (2.27)

where δij denotes the Kronecker delta (δij = 1 if i = j, and δij = 0 if i 6= j).

σij is the stress tensor. The third invariants λ3 are usually not of big interest in

modelling ice dynamics, except if normal stress e�ects are considered or dilatancy

of shear-thickening materials.
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2.2 Rheology of Ice

If a sample of polycrystalline ice is subjected to a constant load in uniaxial com-

pression, there exists a typical creep curve (Fig. 2.6) as measured in laboratory

experiments. According to the conventional view, application of a stress to a previ-

ously unstrained sample of ice results in a deformation rate that initially decreases

with time (work hardening). This transient stage is called primary creep and its

sti�ening is caused by the formation of dislocation tangles and unfavorable crystal

orientation for further deformation by basal glide (Van der Veen andWhillans, 1994).

The decreasing strain rate may continue inde�nitely at su�ciently low temperatures,

but at higher temperatures softening mechanisms (recrystallization) balance those

sti�ening mechanisms. This stage is commonly known as secondary creep, during

which the creep rate accelerates and remains approximately constant as deformation

continues.

lo
g
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P
rim
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Figure 2.6: Typical creep curve for glacier ice.

Early work by Glen (1955) is based on steady-state creep. The recovery processes

mentioned above are highly diverse. One such process is called dislocation climb or

cross slip, respectively, depending on the direction of the di�usion of atoms from

one crystallographic plane to another. Thus, tangles within the crystal structure

of an H2O-specimen are being relieved and since this process requires energy, it

acts rate controlling (Hooke, 2005). Cu�ey and Paterson (2010) argue that during

secondary creep the ice may be recrystallizing at grain boundaries as some crystals

grow at the expense of their neighbors. The (elastic) stresses at these boundaries are

particularly high, whereas the ice behind the moving boundary remains unstressed.

If the softening at these boundaries is temporary balanced by hardening elsewhere,

the strain rate remains constant (Van der Veen, 2013).

The minimum creep rate reached during deformation ε̇min represents an im-

portant quantity in the analysis of the creep data. It is noteworthy that the concept

of steady-state secondary creep may be invalid because of the inherently transitory
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nature of ice in the di�erent view expressed by Budd and Jacka (1989). Model re-

sults of the simulations calculated by Van der Veen and Whillans (1994) support

this theory and suggest that ε̇min marks the onset of recrystallization, which softens

the ice by evolving the fabric via rotation of the crystals in favorable orientations.

However, deformation beyond the minimum is called tertiary creep. This stage

of increasing strain rate is attributed to recrystallization as suggested by Hooke

(1981) and may occur in discrete steps (Hooke and Hudleston, 1980). Since glacier

ice has been deforming under a given stress regime for a su�ciently long time,

primary creep is commonly neglected in modelling glacier dynamics (Schulson et al.,

2009). Secondary creep of anisotropic ice is described by Glen's �ow law (Glen, 1958)

discussed hereafter.

2.2.1 Ice Constitutive Relation

In glacier dynamics ice speci�c properties are added to physical laws through a

constitutive relation. This equation relates kinetic quantities (stresses) to kinematic

quantities (strains and strain rates) by approximating the response of ice to external

stimuli. Furthermore it can be modi�ed to account for its directional dependence

and non-linear input to output behaviour. This approach requires two fundamental

assumptions: First, ice deformation is independent of hydrostatic pressure, as men-

tioned above, and each strain rate component is proportional to the component of

the deviatoric stress. Second, the principle axes of the stress tensor must coincide

with those of the strain rate tensor at any given point in the medium. As a conse-

quence, deformation is related to the applied stress by a positive scalar function χ.

This implies that ice is considered to be incompressible and that it remains isotropic

throughout the �ow. Since ice exhibits a hexagonal crystal structure in reality and

tends to develop a preferred orientation fabric though, this step clearly illustrates

an approximation, which can be formalized by writing

ε̇ij = χσ́ij. (2.28)

The scalar χ may vary from one particular point to another in the medium, so

χ = χ(x, y, z), and its value depends on the entire state of stress, ice temperature

and perhaps other factors as well. It is noteworth that χ must be a function of the

second invariants λ2 of the strain rate and stress deviator tensors. This is due to

the fact that a constitutive relation is a physical property of the �uid and therefore

independent by the choice of coordinate axes. Thus, the proportionality χ must

be a function of invariants. The �rst invariant λ1 of the deviatoric stress tensor is

zero (Subsection 2.1.2). By adopting eq. (2.28) it follows immediately that the �rst

invariant of the strain rate tensor is also zero (∼= criteria of incompressibility). The
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�ow of glacier ice is assumed to be independent of the stresses and strain rates third

invariants λ3 and thus

χ = χ
(
λ2(σ́), λ2(ε̇)

)
. (2.29)

Rather than using the second invariants, the quantities de�ned as either the e�ective

or the octahedral stress eq. (2.3) with (2.4) and strain rates eq. (2.19) with (2.20)

are used in the derivation of the �ow law formula. By squaring the de�nition of the

e�ective strain rate, substituting eq. (2.28) into the right-hand side and using the

de�nition of the e�ective stress, it follows (Hooke, 2005):

ε̇2e =
1

2

(
ε̇2xx + ε̇2yy + ε̇2zz + ε̇2xy + ε̇2yx + ε̇2xz + ε̇2zx + ε̇2yz + ε̇2zy

)
=

1

2

(
χ2σ́2

xx + χ2σ́2
yy + χ2σ́2

zz + χ2σ2
xy + χ2σ2

yx + χ2σ2
xz + χ2σ2

zx + χ2σ2
yz + χ2σ2

zy

)
=
χ2

2

(
σ́2
xx + σ́2

yy + σ́2
zz + σ2

xy + σ2
yx + σ2

xz + σ2
zx + σ2

yz + σ2
zy

)
= χ2σ2

e . (2.30)

Similarly for the octahedral stress and strain rate, ε̇2o = χ2σ2
o . After taking the root

of eq. (2.30), the scalar function χ can be discussed by

ε̇e = χσe = f(σe) so χ =
f(σe)

σe
(2.31)

where f(σe) is used to underline the dependency of χ on the state of stress in contrast

to a Newtonian-viscous �uid. To emphasize this principle, early uniaxial compression

experiments of John W. Glen (1952) show that ice can be treated as a power-law

�uid. Based on this pioneering work, Nye (1953) suggested that deformation of ice

is a result of all acting stresses on the �uid, formalized as

ε̇e = Aσne , (2.32)

with the �ow parameters A and n. From eq. (2.28) and the de�nitions of the

e�ective stress and strain rate, it follows immediately that

χ = Aσn−1
e . (2.33)

In this case of a power-law �uid, χ varies with σe and A. Since A is a function of

ice temperature, density, grain size and perhaps other factors, χ varies with these

properties as well. A closer look on the variables A and n will be provided later

(Subsection 2.2.2). However, the ice constitutive relation can be derived by inserting

eq. (2.33) in eq. 2.28, as

ε̇ij = Aσn−1
e σ́ij (2.34)

and is called Nye-Glen isotropic relation or �Glen's law� for short. Nevertheless, the

inverse formulation of eq. (2.34) may be needed for some applications, for example
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when stresses should be estimated from strain rates provided by �eld measurements.

By combining eq. (2.32) and Glen's law as in eq. (2.34) it follows that

ε̇ij = A

(
ε̇e
A

)1− 1
n

σ́ij, (2.35)

and the stresses become

σ́ij = Bε̇
1
n
−1

e ε̇ij, (2.36)

with

B = A−
1
n . (2.37)

Here, B is commonly called a viscosity parameter (unit Pa a1/n) that increases as

the ice becomes sti�er. Following this idea Glen's �ow law can be written in the

form he originally used (Glen, 1955), that is

ε̇e =
(σe
B

)n
(2.38)

and

ε̇ij =
σn−1
e

Bn
σ́ij. (2.39)

This regards the principle phrased by Hooke (2005): �The strain rate in a given

direction is a function not only of the stress in that direction, but also of all of the

other stresses acting on the medium.� Using Glen's original law as in eq. (2.38),

the e�ective stress in eq. (2.39) can be approximated in terms of the e�ective strain

rate and

ε̇ij =
ε̇
n−1
n

e

B
σ́ij, (2.40)

because strain rates are generally easier to measure in �eld campaigns than stresses.

Almost all modelling of glacier dynamics is based on one of the two forms of

the �ow law. Since A = (1/B)n it is easy to convert between the two formulations

as long as n is known. According to Glen (1958) the constitutive relation ε̇e = Aσne
is utilized for solving complicated stress con�gurations. Thus, it covers a wider

range than ε̇e =
(
σe
B

)n
. However, both show common implications of non-linearity

for the creep relation. For n = 3, each strain rate component is a function of its

corresponding deviatoric stress component as well as of the square of the e�ective

stress (see eq. (2.34) and eq. (2.39)). The latter is increasing with each deviatoric

stress component. As a result (for any n > 1) a given deviatoric stress results in a

larger rate of deformation in the presence of other stresses than if acting by itself.

Finally, if the determination of n is within the focus of �eld measurements of strain

rates all stress components should be taken into account. Thus, eq. (2.28) can be

inversed to

σ́ij = χ−1ε̇ij, (2.41)
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Figure 2.7: E�ective viscosity of ice for di�erent temperatures and an exponent n = 3 as

a function of the e�ective stress. The range of stresses under natural settings (lightgreen

shaded).

where

χ−1 = 2η or η =
1

2
χ−1, (2.42)

together with the constitutive relation in eq. (2.33) de�nes

η =
1

2

[
Aσn−1

e

]−1
(2.43)

as the ice e�ective viscosity η. Thus, for any n > 1 every stress component acts

to enlarge the magnitude of the e�ective stress and reduces the viscosity of ice. If

η is reduced it follows immediately that χ is rising in eq. (2.42) and according

to eq. (2.28) strain rates of all orientations increase. In other words, glacier ice

e�ectively softens as the magnitude of stresses grows (Fig. 2.7). This e�ect is

well-marked within the range of natural stresses within glaciers. Calculating this

stress dependence for various ice temperatures demonstrates that e�ective viscosity

is reduced by a factor of 7 from −10 ◦C to 0 ◦C at 100 kPa whereby the e�ect

decreases for warmer ice. Using eq. (2.41) and eq. (2.42) the modi�ed form of the

constitutive relation can be written as

σ́ij = 2ηε̇ij (2.44)

and through the de�nition of η

σ́ij = A−
1
n ε̇

1−n
n

e ε̇ij. (2.45)

This formula is the analogue to eq. (2.36) in terms of the rate factor A.
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2.2.2 Flow Parameters

Glen's �ow law eq. (2.34) contains two parameters, namely the rate factor A (or

viscosity parameter B, related through eq. (2.37)) and the creep exponent n. Since

there is yet no unequivocal evidence for the ice constitutive equation, many labo-

ratory and �eld measurements have been conducted to con�rm its general applica-

bility. Two fundamental issues prevail in this context. First, combined shear and

compression experiments are demanded by its de�nition (Morland, 1979), but most

laboratory surveys are uniaxial stress experiments. Second, �eld measurements yield

strain rates and stresses are inferred indirectly via eq. (2.36) or eq. (2.45). Thus,

the quality of the resulting correlation is greatly a�ected by the �tting of stresses to

measured strain rates. Comparisons between full-stress models and �eld data fail to

convincingly approve the validity of Glen's Flow law (Van der Veen and Whillans,

1990).

Rate Factor A

The rate factor applies to steady-state secondary creep, linking the minimum strain

rate to its deviatoric stress (Fig. 2.6). The higher the value of A, the faster the

deformation rates at a given stress. Many experiments show that a general under-

standing of how physical and chemical properties of ice a�ect its value has not yet

been achieved. A depends on many factors, most notably the temperature of ice

which is best understood. As a consequence, the ice temperature Tice needs to be

known well to predict the glacier's deformation rates � a problem in polar ice, where

temperatures range from melting point at the bed, to −55 ◦C at the atmospheric

exposed surface. It is widely accepted that the observed softening of ice, as temper-

ature increases, is described e�ectively by an Arrhenius relationship with a switch

of activation energy for creep at a transition temperature T∗ ≈ −10 ◦C. This is due

to the circumstance that below −10 ◦C deformation occurs by volume self-di�usion.

This means that H2O molecules move through the ice lattice, in�uenced by high-

and low-stress deformation mechanisms. The mean of 15 laboratory experiments for

this activation energy is Q− ≈ 59 kJ mol−1 (Weertman, 1983) which is close to the

54 kJ mol−1 derived by �eld measurements of glacier ice (Paterson, 1977). Above

−10 ◦C additional softening arises from the polycrystalline structure of ice. This is

explained by the inclusion of liquid water and the resulting grain-boundary sliding

facilitating adjustments between grains and mass transport along grain boundaries

(Barnes et al., 1971). The apparent activation energy in warm ice, over the range

−10 to 0 ◦C is Q+ ≈ 152 kJ mol−1 (Weertman, 1983). This laboratory derived mean

of 5 experiments is dubious as no �eld evidence supports this high-temperature ac-

tivation energy. Hence, temperate glaciers deform sti�er than expected from the
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summarized laboratory values of Budd and Jacka (1989). According to Cu�ey and

Paterson (2010) Q+ in the range 80 to 150 kJ mol−1 suits to A values that include

most �eld measurements of temperate ice. This relationship can be formalized to de-

scribe the temperature dependence � within a plausible range of activation energies

� as

A = A∗ exp

(
−Qc

R

[
1

Th
− 1

T∗

])
, (2.46)

where

A∗ = constant prefactor (∼= 3.5 ∗ 10−25 [Pa−3 s−1]),

Qc =

Q− = 54 to 59 [kJ mol−1], if Th < T∗

Q+ = 80 to 152 [kJ mol−1], if Th > T∗,

Th = Tice + 7 ∗ 10−8P [K],

T∗ = 263 + 7 ∗ 10−8P [K],

P = [50, 150] ··= {x ∈ IR|50 ≤ x ≤ 150} [kPa] ,

R = 8.314 [J mol−1 K−1].

Thus, A nominally varies by a factor of about 103 over the whole range of terrestrial

ice temperatures and is increasing steeper for warm ice (Fig. 2.8). As a rule of

thumb, the rate factor increases by about a factor of ten between −30 ◦C and

−10 ◦C, and afterwards by another factor of �ve to ten until the melting point at

0 ◦C. That implies that the plausible range of A for temperate ice is within the limits

1.363∗10−24 to 4.633∗10−24 Pa−3 s−1. Also shown in this �gure are earlier estimates

of the minimum and maximum values derived from laboratory data (summarized in

Paterson and Budd, 1982) which re�ect the statement that results from laboratory

experiments are systematically oversized. Since the former recommended value of

A at zero degree Celsius (6.8 ∗ 10−24 Pa−3 s−1 in Paterson, 1994) includes those

measurements it has yet not been con�rmed by �eld studies. For this reason, Cu�ey

and Paterson (2010) rede�ned the recommended value for temperate glacier ice and

reduced it to A = 2.4∗10−24 Pa−3 s−1 on the basis of eleven separate �eld campaigns

(�ve calibrated models, �ve borehole tilt values summarized by Raymond, 1980 and

one from the closure of tunnels by Nye, 1953). The individual values have been

translated in terms of B if eq. (2.39) or eq. (2.40) is of interest. Furthermore, the

non-applicability of eq. (2.46) below −40 ◦C is clearly illustrated if the rate factors

are compared to the prevailing recommended values for cold ice.

The uncertainty in the value of A implies that strain rates may vary by a factor of 3.4

for temperate ice eq. (2.32). Such a wide range is the result of the underlying �eld
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Figure 2.8: Rate factor A (left) and viscosity parameter B (right) as a function of ice

temperature. The former recommended value for temperate ice (orange dot) originates

from Paterson (1994). The currently recommended values (blue) and individual exponen-

tial functions (red or cyan) are taken from Cu�ey and Paterson (2010). The light-magenta

shaded area represents the upper and lower values recommended by Paterson and Budd

(1982). The vertical green line indicates the threshold of the activation energy for creep

Qc at T∗ = −10 ◦C due to the piecewise de�nition.

experiments which yield di�erent activation energies for creep. This circumstance

indicates the existence of other e�ects on A than temperature which are the topic

of various studies. Since the upcoming sensitivity analysis is implemented on the

basis of the aforementioned uncertainty range, those in�uencing variables � which

can be described � are outlined brie�y (a more rigorous approach can be found in

Cu�ey and Paterson, 2010):

(i) Hydrostatic pressure depresses the melting point of ice. This property amounts

to a 2 ◦C temperature shift (denoted as ∆P ) beneath 3 km of e.g. Antarctic

ice and generates softening deep in the ice sheet.

(ii) Water content (W ) in�uences signi�cantly the viscosity of temperate ice by

faciliating grain-boundary sliding. This e�ect is dependend on the porosity of

ice, the melt rate of the glacier and the magnitude of the drainage.

(iii) Density below the value for pore close-o� (ρice ≈ 830 kg m−3) results in a

greater freedom of movement of the ice skeleton. The extra porosity leads to

softening which is highly relevant for polar ice with thick compressible �rn

layers.

(iv) Mean grain diameter (D̂) is momentous particularly at low stresses and high

temperatures. The increased softening of ice above −10 ◦C is a partial conse-

quence of grain-boundary processes. This implies that ice becomes softer as
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grain size is reduced.

(v) Impurities (Î) and their direct and indirect e�ects on glacier ice are little-

known. Soluble impurities a�ect strain rates by additional defects in the crystal

lattice contributing to the formation of liquid layers. Interstitial microparticles

in�uence either in a softening or a sti�ening manner and the impact is strongly

dependent on their concentration and the range of applied stress.

(vi) Preferred-orientation fabric (F ) reveals a quantity regarding the orientation

of the deformation relative to the fabric. Thus, the e�ect can simultaneously

soften glacier ice as well as sti�en it for other directions.

(vii) Enhancement (E) is a useful tool to describe variations of deformation rates

that are not explained solely by temperature. This factor is determined by the

ratio of measured strain rates ε̇m to strain rates predicted by eq. (2.34) with

A dependent on temperature alone. Thus E = 1 is assumed throughout this

study.

Summarizing this dependencies to A = A(Tice, ∆P, W, ρice, D̂, Î, F, E, . . .) high-

lights the complexity of the underlying e�ects. As a consequence, more e�ort needs

to be devoted to the understanding of possible processes occuring in ice deformation

regimes.

Creep Exponent n

The large-scale �ow of glaciers and ice sheets depends primarily on deformation in

their most stressed regions. Those regions are the basal layers and side margins

where stresses typically range between 50 to 150 kPa, temperatures from −20 to

0 ◦C and grain sizes between 1 to 20 mm. The creep behaviour of ice masses under

those natural settings has been examined by numerous measurements. Results show

�owing by simple shear deformation on subhorizontal planes along the center line of

grounded valley glaciers with a pattern that depends on n. The tilt of boreholes in

temperate (isothermal) glaciers is particularly useful to gain knowledge about the

decisive creep exponent, since the value of A is de�ned. The common approach is

to utilize tiltmeters which provide strain rates at di�erent levels within each bore-

hole. If the glaciers geometry is approximated, the calculation of the spatial stress

distribution can either be calculated analytically (Raymond, 1973) or computed by

numerical models. Extensive �eld campaigns �nd a strong concentration of shear-

ing in deep layers, much more than expected for a Newtonian �uid where n = 1

and e�ective viscosity not varies with stress. The analytical approach of Raymond

(1980) concludes a value n ≈ 4 for the Athabasca glacier in the Canadian Rockies.

Thus, a borehole tilts more rapidly in a complex stress regime than in a simple one
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Figure 2.9: Comparison of di�erent types of creep relations. The range of stresses under

natural settings (lightgreen shaded).

and Raymond con�rmed the early measurements of Nye (1953) in the Jungfrau�rn,

Swiss Alps.

Using Glen's law and the plausible range of [1, 4] ··= {n ∈ IR|1 ≤ n ≤ 4} implies

that calculated strain rates are highly di�erent within the natural stress settings in

glaciers � although n plays a minor part in low stress magnitude regimes (Fig. 2.9).

However, other glaciologigal disciplines such as the interpretation of ice core paleo-

climate records regard those much slower deformations. Mathematically speaking a

creep exponent of n = 1 represents a linear viscous �uid and as n→∞ its rheologic

behaviour becomes increasingly plastic. Most borehole data though refers to situ-

ations with stresses around 100 kPa. Reviewing the available literature indicates

a best value of n = 3 to describe the rapidly deforming layers that control glacier

motion (Cu�ey and Paterson, 2010). But this still remains as an assumption.

Since n does not a�ect strain rates to such a great extent in low stress regimes,

other mechanisms with an in�uence on A gain importance. Those entail softer ice

and more deformation than predicted by Glen's law with n = 3. As a consequence,

a stress-dependent creep exponent n = n(σe) seems appropiate to encompass both

high and low stress conditions. But laboratory experiments show no evidence for

reduced n at low stresses (Russell-Head and Budd, 1979) although this transition

has been observed in �eld data by Goldsby and Kohlstedt (2001). This makes clear

that the mechanisms in�uencing n remain poorly understood and further work needs

to be conducted to clarify this discrepancy. Throughout this study a single stress

regime is assumed where n 6= n(σe) and the fabric remains isotropic.
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2.3 Mechanics of Glacier Flow

With the constitutive relation given in Section 2.2.1 the mechanical �eld equations

for the �ow of ice can be formulated. In �uid mechanics, movement of an viscous �uid

is generally described by the Navier-Stokes equation. For the application of glacier

dynamics, however, �uid velocities are small and viscosities are large compared to

e.g. atmospheric motion. Thus, the movement of the ice body is considered to

be a creeping �ow and the Navier-Stokes equation can be linearized in order to

derive the equation of motion for Stokes �ow, called the Stokes equation. Most ice

dynamical models employ the Stokes equation to derive their model equations. This

approach expresses the conservation of momentum in terms of velocity gradients

with respect to a non-linear, stress dependent viscosity. By reducing the complexity

of the stresses that are simulated numerically, the SIA can be used to formulate

the �nal model setup. One such model is the vertically integrated, shallow ice

formulation discretized using �nite di�erences that is derivated hereafter.

2.3.1 Stokes Flow

The Cartesian coordinate system introduced in Section 2.1.1 is applied to the glaciers

geometry, where x and y span the horizontal plane. The z axis is positive upward

and parallel to the gravity vector. This de�nition is associated with a �at Earth and

curvature e�ects are neglected as the vertical extent of glaciers is much smaller than

the mean radius of the Earth (RE = 6371 km). To obtain the equations of motion

for an incompressile �ow, the analysis of Greve and Blatter (2009) is followed. The

total massM of the entire ice volume ω does not change with time 2 and dM/dt = 0.

This can be expressed with the density ρice as

d
dt

∫
ω

ρice dv = 0 (2.47)

and ice is assumed to be an incompressible material where its densitiy remains

constant throughout the �ow. As a consequence, the general form of the continuity

equation
∂ρ

∂t
+∇· ρv = 0, (2.48)

where v = (u, v, w) is the three-dimensional ice velocity vector and ∇ is the gradient

operator, is reduced to

∇·v = 0. (2.49)

This means that the divergence of the velocity �eld is zero everywhere in the body

of ice and v is mathematically a solenoidal vector �eld. The general form of the

2Except mass balance processes to obtain the equation of motion for Stokes �ow by linearizing

the steady state Navier-Stokes equation.



26 Theoretical Background

conservation of linear momentum equation is

ρ
Dv
Dt

= ∇·σ + ρ b, (2.50)

where σ is the full stress tensor and ρ b is a body force. For glacier �ow, the body

force is the e�ective force of gravity ρice g where g is the gravitational accelera-

tion vector (∼= Coriolis e�ect negligible). Since glaciers generally move very slowly

acceleration may be neglected as well and

Dv
Dt

=
∂v

∂t
+ v · ∇v = 0,

thus eq. (2.50) is reduced to the form

∇·σ + ρice g = 0. (2.51)

If this equation is expressed in velocity, Glen's �ow law included and the incom-

pressibility equation added, the Stokes equation is de�ned as

−∇·
[
η(∇v +∇vT )

]
+∇p = ρice g. (2.52)

The above form is in compact vector notation, with the pressure p. To make the

correspondence to the equations commonly used in glaciology more clear, the three

corresponding equations (for each of the three orthogonal directions x, y and z) are

considered individually. Thus,

− ∂

∂x

(
2 η

∂u

∂x

)
− ∂

∂y

[
η

(
∂u

∂y
+
∂v

∂x

)]
− ∂

∂z

[
η

(
∂u

∂z
+
∂w

∂x

)]
+
∂p

∂x
= 0,

(2.53)

− ∂

∂x

[
η

(
∂u

∂y
+
∂v

∂x

)]
− ∂

∂y

(
2 η

∂v

∂y

)
− ∂

∂z

[
η

(
∂v

∂z
+
∂w

∂y

)]
+
∂p

∂y
= 0,

(2.54)

− ∂

∂x

[
η

(
∂u

∂z
+
∂w

∂x

)]
− ∂

∂y

[
η

(
∂v

∂z
+
∂w

∂y

)]
− ∂

∂z

(
2 η

∂w

∂z

)
+
∂p

∂z
= ρice g.

(2.55)
By reconsidering the simpli�ed form of the �ow law for glacier ice eq. (2.44), the

Stokes Equations (2.53) to eq. (2.55) can be rewritten in the more common force-

balance form. The deviatoric stress components σ́ij are symmetrical to enable the

balance of angular momentum and are in particular

σ́xx = 2 η
∂u

∂x
, σ́yy = 2 η

∂v

∂y
, σ́zz = 2 η

∂w

∂z
,

σ́xy = η

(
∂u

∂y
+
∂v

∂x

)
, σ́yz = η

(
∂v

∂z
+
∂w

∂y

)
, σ́xz = η

(
∂u

∂z
+
∂w

∂x

)
.
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Inserting this components individually in the Stokes Equations yields

− ∂

∂x
(σ́xx)−

∂

∂y
(σ́xy)−

∂

∂z
(σ́xz) +

∂p

∂x
= 0, (2.56)

− ∂

∂x
(σ́xy)−

∂

∂y
(σ́yy)−

∂

∂z
(σ́yz) +

∂p

∂y
= 0, (2.57)

− ∂

∂x
(σ́xz)−

∂

∂y
(σ́yz)−

∂

∂z
(σ́zz) +

∂p

∂z
= ρice g. (2.58)

Re�ecting the de�nition of deviatoric stresses eq. (2.27) as

σ́ij = σij −
1

3
δij σij,

where the second term on the right hand side equals the hydrostatic pressure

p =
1

3
(σxx + σyy + σzz) ,

yields to shortening the equations and the formulations of ice motion that serve as

a starting point for modelling glacier �ow:

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

= 0, (2.59)

∂σxy
∂x

+
∂σyy
∂y

+
∂σyz
∂z

= 0, (2.60)

∂σxz
∂x

+
∂σyz
∂y

+
∂σzz
∂z

= ρice g. (2.61)

Using those equations without any approximations is commonly referred to as the

�Full Stokes� approach by glaciologists. Solving this set of non-linear equations

numerically without any simpli�cations is a computationally intensive task. This

method has become feasible with the increased availability of computational power

in the last decade and applications are numerous. An excellent overview within

the scope of a �nite-element code to solve the Full Stokes equations by numerical

iteration is given by Jarosch (2007). The key to �nding a physically plausible solution

is to impose appropiate boundary conditions at the four boundaries of the model

domain (ice surface, ice-lithosphere interface and the up- and downglacier ends of

the �owline). The �rst two conditions can be regarded by a stress-free ice surface

and a no-slip or sliding relation for a grounded glacier. The latter two are a question

of the implementation of periodic boundary conditions, whether the in�ow- equals

the out�ow mass �ux of the computed region or not, dependent on the bedrock's

geometry.

2.3.2 Shallow Ice Approximation

The most commonly used simpli�cation of the Full Stokes problem is called the

�Shallow Ice Approximation� (SIA) (Maha�y, 1976; Fowler and Larson, 1978; Hut-
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ter, 1981 and Hutter, 1983). This approach drops terms from the linear momentum

balance equation by reducing the prevailing stress σ to the most relevant compo-

nents. The �ow direction is essentially downward, which leads to vertical compres-

sion and horizontal extension. Assuming that the ice moves by shear strain parallel

to the geoid under its own weight, the driving stresses are the shear stress compo-

nents in the horizontal plane (σxz and σyz). The three normal stress deviators σ́xx,

σ́yy and σ́zz as well as the shear stress in the vertical plane σxy, are consequently

negligible. Hence, the simpli�ed Stokes equations for the x and y direction are

∂σxx
∂x

+
∂σxz
∂z

= 0, (2.62)

∂σyy
∂y

+
∂σyz
∂z

= 0. (2.63)

In all parts of an ice mass, the shear stresses σxz and σyz are small compared to

the vertical normal stress σzz, which itself is approximately equal to the hydrostatic

pressure p. Thus, the shear stress changes in the horizontal direction much less

quickly than the pressure changes with depth. Consequently, the vertical momentum

balance eq. (2.61) can be reduced to an equilibrium between the vertical gradient

of σzz and the gravity force,

∂σzz
∂z

= ρice g. (2.64)

Since the ice surface must ful�ll the stress-free condition in the vertical direction,

eq. (2.64) is integrated with the upper boundary condition σzz|z=s = 0, where z = s

is the height z denoted at the glaciers' surface s, to

σzz = −ρice g (s− z) = −p. (2.65)

Within the scope of the SIA this hydrostatic pressure distribution is considered to be

equal for all normal stresses (σxx = σyy = σzz = −p) and the horizontal components

of the momentum balance eq. (2.62) and eq. (2.63) simplify to a two-dimensional

model

∂σxz
∂z

=
∂p

∂x
= ρice g

∂s

∂x
, (2.66)

∂σyy
∂y

=
∂p

∂y
= ρice g

∂s

∂y
. (2.67)

Considering the stress-free condition on the surface yields

p|z=s = 0, σxz|z=s = 0 and σyz|z=s = 0. (2.68)
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With this �nding, the equations (2.66) and (2.67) can be integrated and the shear

stresses are

σxz = −ρice g (s− z)
∂s

∂x
, (2.69)

σyz = −ρice g (s− z)
∂s

∂y
. (2.70)

Consequently, the stress �eld of the SIA is fully determined by the three non-

negligible components p, σxz and σyz. The e�ective stress σe (see Section 2.1.1)

is then

σe =
(
σ2
xz + σ2

yz

) 1
2 =

= ρice g (s− z)

[(
∂s

∂x

)2

+

(
∂s

∂y

)2
] 1

2

= ρice g (s− z)|∇s|. (2.71)

Inserting σe in the respective xz and yz components of Glen's �ow law in the form

as in eq. (2.34) yields

1

2

(
∂u

∂z
+
∂w

∂x

)
= Aσn−1

e σ́xz =

= −A [ρice g (s− z)]n |∇s|n−1 ∂s

∂x
, (2.72)

1

2

(
∂v

∂z
+
∂w

∂y

)
= Aσn−1

e σ́yz =

= −A [ρice g (s− z)]n |∇s|n−1 ∂s

∂y
. (2.73)

This result and the assumption that the vertical velocity in the ice changes with

horizontal distance (∂w/∂x and ∂w/∂y) much more slowly than the horizontal velocities

change with depth give expressions for the vertical gradients of u and v as

∂u

∂z
= −2A [ρice g (s− z)]n |∇s|n−1 ∂s

∂x
, (2.74)

∂v

∂z
= −2A [ρice g (s− z)]n |∇s|n−1 ∂s

∂y
. (2.75)

Integrating from the bedrock b to an arbitrary layer z computes the horizontal

velocities of ice �ow

u = bx − 2(ρice g)n|∇s|n−1 ∂s

∂x

∫ z

b

A(s− z)n dz, (2.76)

v = by − 2(ρice g)n|∇s|n−1 ∂s

∂y

∫ z

b

A(s− z)n dz, (2.77)

where bx and by are the two respective basal-sliding velocity components, which enter

as a constant of integration and could be described by a Weertman-type sliding law.
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The surface velocity components are obtained by setting z equal to s. In compact

vector notation, equations (2.76) and (2.77) can be summarized by

v = b− 2(ρice g)n|∇s|n−1∇s
∫ z

b

A(s− z)n dz. (2.78)

Consequently, the ice �ows down the steepest surface slope, even in the near-basal

layers. Or more speci�cally, the horizontal velocity is anti-parallel to the direction

of the surface gradient ∇s and points always to a lower elevated ice surface. This

holds for any arbitrary position z in a column of ice. The SIA simpli�es the Stokes

problem drastically since the stress �eld is given by analytic expressions and the

velocity �eld depends only on the local geometry and ice temperature.



Chapter 3

Methodology

3.1 Model Setup

In this study, a two-dimensional SIA ice-�ow model is coupled with a tempera-

ture index mass balance model (MBM) and forced by a climate model to simulate

the evolution of mountain glaciers in the Ötztal-Alps region in western Austria.

The model is modi�ed to provide comparable results for the subsequent sensitivity

analysis of the ice �ow parametrisation. Before diving into the results, the model

equations as well as the applied numerical schemes for both the spatial and tempo-

ral discretization are derived from the physical principles outlined in the previous

chapter. Afterwards, the implementation of the utilized sub-modules to calculate

the individual terms of the governing equations is described in detail.

3.1.1 Di�usion Problem

Numerical models of glaciers must satisfy the continuity equation (2.49) in order to

comply physical requirements. Consequently, thickness changes must be equal to the

amount of mass gain through snowfall minus losses from melting or calving at the

terminus. Thus, mass conservation corresponds to conservation of ice volume in the

computational domain. Applying this mass input-output condition, the evolution

equation for an ice column extending from the bed to the surface is derivated from

the component form of the continuity equation

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0. (3.1)

Integrating it with respect to z from the base (z = b) to the free surface (z = s)

gives ∫ s

b

∂u

∂x
dz +

∫ s

b

∂v

∂y
dz +

∫ s

b

∂w

∂z
dz = 0. (3.2)

31
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Using Leibniz's rule, the order of integration and di�erentiation is changed and the

�rst two terms are modi�ed to∫ s

b

∂u

∂x
dz =

∂

∂x

∫ s

b

u dz − u|z=s
∂s

∂x
+ u|z=b

∂b

∂x
, (3.3)∫ s

b

∂v

∂y
dz =

∂

∂y

∫ s

b

v dz − v|z=s
∂s

∂y
+ v|z=b

∂b

∂y
. (3.4)

The third term of eq. (3.2) is simply∫ s

b

∂w

∂z
dz = w|z=s − w|z=b. (3.5)

In order to provide a numerically solvable formulation, the above system of equations

needs to be completed by appropiate boundary conditions at the free surface and

the ice base. In glaciology, the upper boundary condition is represented by the

surface mass balance rate, denoted as ṁ. This quantity equals the di�erence between

accumulation and ablation at a particular point on the glacier's surface over time.

The sign is chosen such that a supply (accumulation) is counted as a positive- and

a loss (ablation) as a negative contribution. Thus, the vertical velocity at the free

surface is by de�nition

w|z=s ∼=
Ds
Dt
− ṁ =

=
∂s

∂t
+ u|z=s

∂s

∂x
+ v|z=s

∂s

∂y
− ṁ. (3.6)

In a similar manner, a kinematic boundary condition for the ice base can be derived.

Hence, the basal melting rate ṁb represents the ice volume �ux through the ice-

lithosphere interface over time. The sign is chosen such that a loss due to basal

melting (→ and subsequent penetration of the meltwater into the ground) is counted

as positive. Consequently, the vertical velocity at the glacier base is

w|z=b ∼=
Db
Dt

+ ṁb =

=
∂b

∂t
+ u|z=b

∂b

∂x
+ v|z=b

∂b

∂y
+ ṁb. (3.7)

Utilizing those boundary conditions and the modi�cations eq. (3.3) and eq. (3.4)

yields
∂

∂x

∫ s

b

u dz +
∂

∂y

∫ s

b

v dz +
∂s

∂t
− ∂b

∂t
− ṁ+ ṁb = 0. (3.8)

By introducing the mass discharge vector q as the vertically integrated horizontal

velocities eq. (2.78) as

q =

(
qx
qy

)
=


∫ s

b

u dz∫ s

b

v dz

 (3.9)
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and de�ning the ice thickness h = s−b, with the bedrock elevation b (ice-lithosphere
interface) and the ice surface s (ice-atmosphere interface). The vertically integrated

continuity equation reads

∂h

∂t
= −∇· q + ṁ− ṁb. (3.10)

The left-hand side is the time derivative of the local ice thickness. This term charac-

terizes the continuity equation as prognostic which means that subsequent changes in

ice thickness can be determined by numerical methods. Considering that the diver-

gence of ice �ux and the mass balances (surface and basal) are diagnostic equations,

their values are being calculated from the current glacier geometry. Consequently,

the change in ice thickness is estimated by the continuity equation hence it is the

central equation that is solved in SIA models. The volume �ux according to eq.

(3.9) is found by integrating eq. (2.78) from the bed to the free surface

q = −2A(ρice g)n|∇s|n−1∇s
∫ s

b

(s− z)n+1 dz =

= −2A(ρice g)n|∇s|n−1∇s
[
−(s− z)n+2

n+ 2

]s
b

=

= −2A(ρice g)n

n+ 2
hn+2|∇s|n−1∇s =

= −Γhn+2|∇s|n−1∇s (3.11)

where the abbreviation Γ contains all constants to shorten the equations as

Γ =
2A(ρice g)n

n+ 2
. (3.12)

Thus, the velocities are eliminated from the continuity equation and one equation

with one unknown quantity remains. This variable is the ice thickness h which

represents the dominant term in the �ux discretization. Tacitly the isothermal

approximation has been applied in this step and the rate factor A stays constant

throughout the ice cover (Subsection 2.2.2). Notice that the formulation eq. (3.1)

holds only for ice-covered areas of the domain (h is positive). In ice-free parts h = 0

and s = b ice will grow if ṁ− ṁb > 0, but not contrarily. Thus, unphysical negative

ice thicknesses are avoided by

∂h

∂t
+∇· q ≥ ṁ− ṁb. (3.13)

A common procedure is to treat eq. (3.13) as a di�usion problem formalized by

q = −D∇s, (3.14)

where D = D(h, |∇s|) is a di�usion coe�cient of the form

D = Γhn+2|∇s|n−1. (3.15)
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3.1.2 Numerical Schemes

In reality, the di�usion problem is a continuous function which has to be repre-

sented by a �nite amount of data. Thus, it is being replaced by a discrete problem

whose solution is computable as well as predictable at equidistant grid nodes. This

discretization step gives values of the solution at a �nite number of points at its do-

main, even though this domain is a continuum. Following this approach, the above

derived equations have to be redesigned to employ those numerical discretization

techniques which lead to approximate but accurate solutions to the problem. This

step involves the discretization of the governing equations both in space and time

� leading to the evolution of the computational solution on a discrete grid. Con-

sidering that this is just an approximation to the problem, discretization errors are

induced because partial di�erentials are limited by a �nite value of the di�erential

element. The derived algorithms have to be numerically stable in order to prevent

error propagation during the calculation. This creates the need of a well-conditioned

problem to �nd representative numerical solutions at every grid node. The model's

numerical discretization in spatial and temporal dimensions as well as the coupling

of the sub-modules has been developed and published by Jarosch et al. (2013). In the

present study their model setup is examined with respect to its sensitivity towards

�ow parameter perturbations. Before the results of this investigation are shown,

the underlying model equations as well as its work�ow are reconsidered hereafter.

Further details of the model may be obtained from their publication.

Spatial discretization

Jarosch et al. (2013) exposed that frequently used spatial discretization schemes

of this approach generate unphysical negative ice thicknesses, which in turn cause

the numerical scheme to create additional mass. However, this formulation of the

di�usion problem has performed well in the case of a �at bedrock prevailing in

many ice-sheet models. For modelling regional mountain glaciation b = b(x, y, t)

bed undulations cause serious complications in settings where bed topography is

steep such as in an icefall region. The large surface slope causes an overlarged ice

�ux which itself produces a negative ice thickness in upstream direction. Although

this is impossible, the negative h is set back to zero in the projection step spuriously

creating mass. That way, those spatial schemes do not preserve positivity for h

leading to mass conservation being violated.

This problem has been solved by applying a �ux-modi�cation scheme,

namely a second-order Monotone Upstream-centered Scheme for Conservation Laws

(MUSCL) for the ice �ux discretization instead of the previously outlined projection

step scheme. The discretization is computed on a regular mesh, with ice thickness
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piecewise constant on each cell. All resulting cells are labeled by spatial discretiza-

tion indices (k, l) and the location of their individual center is given by (xk, yl). The

cell boundaries are denoted such that the ice thickness at the cell edge between cells

(k, l) and (k + 1, l) is hi
k+ 1

2
, l
and the cell edge between (k, l) and (k, l+ 1) is hi

k, l+ 1
2

.

The superscript i denotes the time discretization index. Thus, the grid exhibits a

uniform spacing such that ∆x = xk+1, l − xk, l and ∆y = yk, l+1 − yk, l. The �ow

direction of the �ux components qix and q
i
y is orientated downslope (Fig. 3.1).

X

Y

qix

qiy

h
i k
−

1 2
,l

h
ik
+

12
,l

hi
k, l− 1

2

hi
k, l+ 1

2

(k, l) (k+1, l)

(k, l+1) (k+1, l+1)

∆x

∆
y

Figure 3.1: Basic grid setup, de�nition of ice thicknesses at cell boundaries and �ux

components for hik, l > hik+1, l ∩ hik, l+1.

The MUSCL scheme expresses the ice �ux as di�usivity through the individual

cell boundaries, whereby the ice thicknesses hi
k+ 1

2
, l
, hi

k− 1
2
, l
, hi

k, l+ 1
2

and hi
k, l− 1

2

at

the boundary between adjacent cells represent the dominant terms in the applied

�ux discretization. Each of them itself is separated into two components, e.g. the

(k + 1
2
, l) term is split in the (k + 1

2

+
, l) and (k + 1

2

−
, l) component. The resulting

total of eight di�erent ice thickness estimates for each cell is de�ned below (four in
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x- and four in y-direction) as

hi
k+ 1

2

−
, l

= hik, l +
1

2
Φsb(rk, l) (hik+1, l − hik, l), (3.16)

hi
k+ 1

2

+
, l

= hik+1, l −
1

2
Φsb(rk+1, l) (hik+2, l − hik+1, l), (3.17)

hi
k− 1

2

−
, l

= hik−1, l +
1

2
Φsb(rk−1, l) (hik, l − hik−1, l), (3.18)

hi
k− 1

2

+
, l

= hik, l − 1

2
Φsb(rk, l) (hik+1, l − hik, l), (3.19)

hi
k, l+ 1

2

− = hik, l +
1

2
Φsb(rk, l) (hik, l+1 − hik, l), (3.20)

hi
k, l+ 1

2

+ = hik, l+1 −
1

2
Φsb(rk, l+1) (hik, l+2 − hik, l+1), (3.21)

hi
k, l− 1

2

− = hik, l−1 +
1

2
Φsb(rk, l−1) (hik, l − hik, l−1), (3.22)

hi
k, l− 1

2

+ = hik, l − 1

2
Φsb(rk, l) (hik, l+1 − hik, l). (3.23)

Hereby, Φsb = Φsb(r) is the �superbee� �ux-limiting function

Φsb(rk, l) = max [0, min(2r, 1), min(r, 2)], (3.24)

with r = r(h) the ratio of downstream to upstream ice thickness change

rk, l =
hik, l − hik−1, l

hik+1, l − hik, l
. (3.25)

Utilizing the estimates from eq. (3.16) to eq. (3.23) two �ux terms at each cell

boundary can be derived according to eq. (3.15). As an example, this gives for the

cell edge at (k + 1
2
, l)

Di

k+ 1
2

+
, l

= Γhi
k+ 1

2

+
, l

n+2 |∇s|n−1
k+ 1

2
, l
, (3.26)

Di

k+ 1
2

−
, l

= Γhi
k+ 1

2

−
, l

n+2 |∇s|n−1
k+ 1

2
, l
. (3.27)

De�ning the minimum and maximum di�usivity in order to limit the �ux at the cell

boundary (k + 1
2
, l)

Di
k+ 1

2
, l,min

= min
(
Di

k+ 1
2

−
, l
, Di

k+ 1
2

+
, l

)
, (3.28)

Di
k+ 1

2
, l,max

= max
(
Di

k+ 1
2

−
, l
, Di

k+ 1
2

+
, l

)
, (3.29)

leads to the construction of the di�usivities for the cell boundary (k + 1
2
, l)

Di
k+ 1

2
, l

=



Di
k+ 1

2
, l,min

, if sik+1, l ≤ sik, l and hi
k+ 1

2

−
, l
≤ hi

k+ 1
2

+
, l

Di
k+ 1

2
, l,max

, if sik+1, l ≤ sik, l and hi
k+ 1

2

−
, l
> hi

k+ 1
2

+
, l

Di
k+ 1

2
, l,max

, if sik+1, l > sik, l and hi
k+ 1

2

−
, l
≤ hi

k+ 1
2

+
, l

Di
k+ 1

2
, l,min

, if sik+1, l > sik, l and hi
k+ 1

2

−
, l
> hi

k+ 1
2

+
, l

(3.30)
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The di�usivities at the other three cell edges (Di
k− 1

2
, l
, Di

k, l+ 1
2

and Di
k, l− 1

2

) can be

constructed similarly by using the equations (3.18) to (3.23) in eq. (3.15). Thus, the

correct limited di�usivities are identi�ed by use of the local surface slope indicating

the upstream direction. The case-di�erentiation avoids serious negative ice thick-

nesses and the spuriously creation of mass by taking advantage of synergy e�ects

with the �ux-limiting function Φsb. Consequently, the maximal amount of ice �ow

is determined by the available ice mass in upstream direction. Inserting eq. (3.30)

in the di�usion formulation of the volume �ux eq. (3.14) leads to the divergence of

the �ux in its �nal form

∇· (−Di∇si) =−
Di
k+ 1

2
, l

sik+1, l − sik, l
∆x

−Di
k− 1

2
, l

sik, l − sik−1, l

∆x
∆x

(3.31)

−
Di
k, l+ 1

2

sik, l+1 − sik, l
∆y

−Di
k, l− 1

2

sik, l − sik, l−1

∆y

∆y
(3.32)

and the spatial discretization of eq. (3.13) has been achieved. The minus sign in front

of the di�usivity is a consequence of the �ux de�nition in eq. (3.14). Considering

the outlined �ow problem as unsteady, the solution varies with time for a particular

position. Consequently, the simulation requires discretizing the governing equation

in time additionally by numerical techniques. The afterwards analyzed ice �ow

model (IFM) completes this by applying the �nite di�erence method employing a

stability condition on the discretization scheme.

Time integration

The spatial domain under consideration is covered by a regular, two-dimensional

grid. The formulation of the ice surface evolution is then rewritten for each grid

point by replacing the di�erentials by di�erences of the �eld variables between the

neighbouring grid points. This yields to a set of algebraic equations, which can be

solved numerically by various methods � such as implicit or explicit time-stepping

schemes � for the unknown �eld variables at each of the grid nodes. The tempo-

ral discretization involves the integration of every term over a timestep ∆t on the

spatially discretized equation. Mathematically, the current ice surface elevation is

denoted as si = si(t) and the state at the later time si+1 = si+1(t + ∆t), where ∆t

is a small time step. Explicit methods calculate si+1 from the current time si, while

implicit methods �nd the solution by solving the local equations involving both the

current surface and the later one. This clari�es that implicit methods require an ex-

tra calculation leading to a hard implementation although computation time is fast.

For the present application, an explicit forward Euler time-stepping scheme (Euler,

1768) is suitable. Considering b as approximately constant in time, h is replaced by
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s and the evaluation of the spatial dependent function f is de�ned as

∂s

∂t

∣∣∣
i

= lim
∆t→0

s(ti + ∆t)− s(ti)
∆t

≈ si+1 − si
∆t

= f(si). (3.33)

This is referred as explicit integration since si+1 is expressed as

si+1 = si + ∆t f(si). (3.34)

The accuracy of this type of a �nite di�erence approximation can be detected by

the local truncation error (∼= the numerical error made in a single iteration). This

in turn is the di�erence between the approximated numerical solution after one step

(see eq. (3.34)) and the exact solution at time ti + ∆t, which itself can be derived

by use of the Taylor expansion including higher order terms as

∂s

∂t

∣∣∣
i

=
si+1 − si
ti+1 − ti −

∆t︷ ︸︸ ︷
(ti+1 − ti)

2

∂s2

∂t2

∣∣∣
i
−

∆t2︷ ︸︸ ︷
(ti+1 − ti)2

3!

∂s3

∂t3

∣∣∣
i
−O(∆t3) (3.35)

which leads to

si+1 = si + ∆t f(si) +O(∆t) (3.36)

Consequently, the local truncation error introduced by the Euler forward method is

approximately proportional to O(∆t) � which is the di�erence between eq. (3.36)

and eq. (3.34). This means that if ∆t → 0 the error at a speci�c time t also

goes to zero. This convergence is utilized within the global time stepping idea, by

calculating with the smallest of all local suitable time steps in the computational

domain to minimize the overall error. In other words, this polygonal approximation

is more accurate if the step size ∆t is small suggesting that the error is roughly

proportional to the time step. For this reason, the applied temporal discretization

is said to ba a �rst-order method. Following this approach, the governing equation

(3.13) is discretized temporally by

si+1 − si
∆t

+∇· (−Di∇si) = ṁi

si+1 = si +
[
ṁi +∇· (Di∇si)

]
∆t, (3.37)

where the algebraic sign of the divergence term changed by conversion. The ice vol-

ume �ux through the ice-lithosphere interphase ṁb has been neglected at the same

time. The idea entails high computational costs if ∆t becomes small (hours, days) to

provide numerically stability, which is leading to a possible limitation of the forward

Euler scheme on multidecadal to centennial time scales � where simulations need

months of wall clock time to compute. Thus, alternative temporal discretizations
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can be employed to solve the respective grid equations � usually higher-order meth-

ods to attain numerical e�ciency as to allow broad coverage. As a consequence, the

step size plays a key role in the applicability of the applied forward �nite di�erences,

hence the properties of ∆t will now be described. The Courant-Friedrichs-Lewy con-

dition (CFL condition) is a necessary requirement for the numerical implementation

of �nite di�erences to provide reasonable results (Courant et al., 1928). The under-

lying principle is that the modelled �ow exhibits a certain velocity which represents

an information that propagates through the domain. If this information travels

more than the distance from adjacent grid points within the discrete time interval

∆t, incorrect results will be produced by the simulation. Those instabilities are

prevented by selecting a suitable value for ∆t that allows the information to travel

less than the interval lengths of each spatial coordinate. Conversely, if the grid point

separation is reduced, the upper limit for the time step decreases simultaneously.

In order to derive a formulation of this dependence, the CFL condition relates the

time step to a function of the horizontal- and/or vertical spatial resolution and the

maximum velocity with which the information propagates in space. Mathematically

speaking, the general CFL condition for m-dimensions is

c =
u∆t

∆x
+
v∆t

∆y
+ . . . = ∆t

m∑
i=1

vi
∆xi

≤ cmax, (3.38)

where c is the Courant number, v the velocity (∼= information) and cmax is denoting

the dimensionless number to detect the virtual convenient spatial- or temporal res-

olution computing the maximal component of v. For the present two-dimensional

con�guration, this stability condition can be used to automatically calculate the

value of ∆t for each iteration by reconsidering the global time marching idea as

∆t = cstab
min(∆x2, ∆y2)

max(Dk± 1
2
, l, Dk, l± 1

2
)
. (3.39)

Thus, the maximum di�usivity solely de�nes the interval length if a discrete spatial

grid with uniform spacing is applied. The denominator itself is given by the maxi-

mum ice column height eq. (3.30) which is therefore being used as a proxy for the

maximal ice �ow. The largest possible stable value of the Courant number cstab for

two-dimensional glacier �ow di�usion problems is computed by

cstab <
1

2(n+ 1)
, (3.40)

where n is the creep exponent (Hindmarsh, 2001). Note that this inequality is

speci�cally derived for the purpose of numerical applications in glaciological mod-

elling and is not generally applicable for explicit time-stepping schemes. Within the

plausible range of [1, 4] ··= {n ∈ IR|1 ≤ n ≤ 4} the value of cstab decays from 0.25
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to 0.1 (Fig. 3.2) re�ecting the fact that di�usivities enlarge as the creep exponent

becomes bigger.

As a consequence, the time interval becomes momentous if ∆t → 0 leading to

numerical boundaries caused by excessive di�usivities. This issue of impractically

small time steps could be solved by implicit methods not requiring the outlined

stability criterion since they are numerically stable. Crank and Nicolson (1947)

developed a second-order �nite di�erence method which is implicit in time and

would be appropiate for solving the ice surface evolution equation (3.37). However,

within the scope of the present thesis the simplest case of an explicit forward time

marching scheme has been applied to conduct the �nal sensitivity analysis.

In view of the circumstance that the Courant number represents the upper limit

of the stability criteria, the values of the used constants is cCFL = cstab − 0.001 to

be just beyond the idea of eq. (3.40). Thus, the stable timestep ∆tstab has been

de�ned incidentally due to its dependence on cCFL via eq. (3.39).
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Figure 3.2: Time-stepping stability criteria as a function of the creep exponent for two-

dimensional con�gurations.

The disadvantage of this method is that the temporal resolution varies from the

desired one � in this instance one year. The solution of this problem is the imple-

mentation of an additional time vector starting at zero years (representing the initial

state of the simulation) with the �xed time interval of one year. The consecutive

values of ∆tstab are summed up while the di�erence between the full year and this

sum of the stable timesteps is longer than the remaining time period to �ll the year.

Since this di�erence shortens with every iteration of the model there arrives �nally

the moment where the current ∆tistab is longer than the missing time period. In that

case, the used timestep for this iteration is as long as the di�erence leading to the

�lled year. If this procedure is executed repeatedly, this approach allows to return

the state of the model after each calculated year and instabilities are prevented.
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Figure 3.3: Sketch of the time integration principle to achieve stable simulations that

sum up to consecutive years.

Figure 3.3 illustrates this idea for an initially ice free state. Since there are no

glaciers, the model is not limited by stability conditions which leads to a stable ∆t

of one year. After this time interval, ice accumulated but only to a small extent

allowing the time integration for a whole year additionally. The third year exhibits

small di�usivities limiting the time integration to ∆tstab = 3/4 yr and shows the

situation for a ∆tstab > ∆tdi�. Larger glaciers entail higher di�usivities causing

smaller timesteps, thus ∆tstab = 1/2 yr in the beginning of the fourth year. The

extra ice ampli�es this e�ect to ∆tstab = 1/4 yr which is still ∆tstab < ∆tdi�. The

next iteration can be computed for the remaining 1/4 yr due to the fact, that the

di�usivity must be larger than in the previously calculated. All in all, the applied

approach provides annually accurate simulations where the number of timesteps per

year (n.o.t.) is a proxy for the prevailing di�usivities � the higher the n.o.t the larger

the ice �ow in the whole domain.

3.1.3 Subglacial Topography

Before the SIA-model can be applied to the Ötztal-Alps region it is necessary to

obtain a digital elevation model (DEM) of its bed topography. Since this DEM is

used as the lower boundary condition for ice dynamics modeling, it matches the

gridded resolution of the developed ice �ow model. One possibility to determine the

values of the bedrock map bk,l is to substract the ice thicknesses hk,l from the surface

elevations sk,l, as it has been suggested by Clarke et al. (2013). The precondition

of their approach is that the surface topography as well as the ice extent are well

known. The matrix of elevation values sk,l is determined by interpolating NASA's

SRTM DEM V2 dataset on an equidistant grid, with cells assumed to be square

with dimensions ∆x × ∆y, which are 100 m × 100 m. The spatially distributed

thickness of individual glaciers is then estimated by using a physically based method

via inversion of surface characteristics and utilizing the principles of �ow dynamics.

The relevant input information for this approach is derived from the extent of the
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glaciers catchment3, surface geometry, surface mass balance and bottom stresses.

The resulting bedrock data of the studied region has been calculated and kindly

provided by Dr. Jarosch and is shown in Fig. 3.4.

Figure 3.4: Three dimensional view on the mapped topography of the bedrock surface

with a horizontal resolution of 100 m. North at the top of the map.

3.2 Sub-Module Description

The model is forced repeatedly with the mean climate from 1801 to 1900 and run

from the initially ice-free state until its dynamic equilibrium between the applied

climate scenario and the glacier geometry is ensued. This procedure is conducted

individually for a vast number of �ow parameter combinations resulting in a variety

of equilibrium states. Those themselves serve as a common ground for the sensitivity

analysis performed for di�erent discrete quantities such as total ice volume, ice

covered area, maximum ice column height, . . . (Fig. 3.5).
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3Outlines provided by the University of Innsbruck, Austria
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Figure 3.5: Schematic illustration of the applied work�ow to achieve comparable quan-

tities for the sensitivity analysis.

The individual runs only di�er in the values of the �ow parameters A & n and the

employed Courant number since cCFL = cCFL(n) . In this study, the output of the

Earth System Model (ESM) is utilzed to calculate the surface mass balance for each

iteration within the temperature index mass balance model (MBM). Positive mass

balances lead to ice accumulation and negative values to ice melt. This information

is fed to the SIA ice �ow model (IFM), described above, to simulate the resulting

glacier dynamics. Consequently, ice is growing from the initial state until the com-

puted domain has reached equilibrium between ablation and accumulation within

the respective climate. This equilibrium state is de�ned in terms of the annual ice

volume change smaller than 0.1 per mille per year, formalized as ∆vice < 0.01 % yr−1

to prevent the simulation to calculate down to the computational accuracy. Thus,

the �nal glacier geometry is used to determine the e�ect of parameter uncertainties

in the ice �ow parametrisation, because they represent the single di�erence between

the individual model runs.

3.2.1 Earth System Model

The climate data used in this study originates from the ESM of the Max Planck

Institute for Meteorology (MPI) located in Hamburg, Germany (Giorgetta et al.,

2013). The MPI-ESM couples the atmosphere, ocean and land surface through the

exchange of energy, momentum, water and important trace gases such as carbon

dioxide. Up to now, the model's most important application is its usage for com-

parative model calculations in the context of the Coupled Model Intercomparison

Project 5 (CMIP5), which constitute the German contribution to the Fifth Assess-

ment Report of the Intergovernmental Panel on Climate Change (IPCC). In this

international survey, coordinated experiments with various ESMs were organized in

order to research and answer questions regarding the mechanisms and characteristics

of climate change.

Although the MPI-ESM provides spatially distributed climate reconstructions

and predictions, the outputs of one unique gridpoint which is considered to be

representative for the Ötztal-Alps region is utilized for the purpose of this study.

The ESM data has been corrected by Dr. Jarosch in advance via the percentile-

remapping method. The probability density function of model outputs is adjusted

to match the probability density function of the reference data (Maraun et al., 2010)

� in this case the HISTALP dataset. The resulting high-quality reconstructions serve

as the basis to assess bygone glaciation via coupling the MPI-ESM and the MBM

to implement the full glaciation process by feeding a mass conserving IFM. The
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utilized climate output spans the little ice age during the 19th century and features

a monthly temporal resolution. From these monthly values, the mean climatology

over these 100 years was predetermined from the available dataset to force the MBM

in the domain.

The statistical variability of the consulted meteorological quantities during the

19th century is displayed in Figs. 3.6, 3.7 and 3.8 by way of the box and whisker plot

with extreme data points added. The box represents the middle 50 % of the ranked

data and ranges from the lower quartile value to the upper quartile value (i.e. the

25th to 75th percentile). The di�erence between the upper and lower quartile values

is referred to as the interquartile range (IQR). Consequently, the height of the box

is proportional to the statistical disparity or spread of the inner 50 % of the dataset.

The horizontal bar within the box denotes the median value, which is equivalent to

the 50th percentile with the same number of values below as above the median. The

end of the top whiskers are displayed to the upper quartiles +(1.5 ∗ IQR) and the

end of the bottom whisker to the lower quartile −(1.5 ∗ IQR) extending outward

from the box. Outliers represent climatological extremes denoted by dots which are

added to the traditional box and whisker illustration. The input variables shown are

temperature and pressure informations for the 850 and 500 hPa geopotential levels

and precipitation on the reference plane.

As anticipated, the atmospheric boundary layer (i.e. the lowest part of the

atmosphere) shows a distinct monthly variability causing strong spatial and tempo-

ral gradients. Its consequences are well pronounced near the surface and disappear

towards higher levels (Fig. 3.6).
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Figure 3.6: Mean monthly geopotential height for 850 and 500 hPa over the 1801 to 1900

period as solids. Statistics are displayed as box-whisker plot.

The 850 hPa mean geopotential height exhibits a smaller change during the year
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(1506 ± 27 m) than the 500 hPa mean geopotential height (5635 ± 97 m). This

indicates a larger annual variability of the upper in contrast to the lower level.

Generally speaking, the geopotential height is more variable in the winter months

than it is during the summer period. The varying boundary layer during the year

initiates variability. Vertical temperature gradients can be detected by analyzing

the corresponding temperatures of each level (Fig. 3.7). The annual mean 850 hPa

temperature is approximately 4± 6 ◦C whereas T at 500 hPa is ≈ −20± 4 ◦C in the

mean. The statistical range of the 50 % quartiles is similar for both levels (5 ◦C).

The lower layer shows negative temperatures in the winter months (> −5 ◦C)

and the maximum temperature (12 ◦C) in the month of July. The minimum tem-

perature in 500 hPa is delayed in time (March: −26 ◦C) compared to the 850 hPa

level (January: −4 ◦C) � this shift is similar for the maximum temperature (one

month). Both the geopotential heights and their corresponding temperatures ex-

hibit zero skewness; the data is almost perfectly symmetric about the medians. The

lengths of the IQRs (as shown by the boxes) is a measure of the relative dispersion

of the middle 50 % which is small compared to the whiskers. This suggests a middle

clustering of data about the median with long tails representing a large dispersion

of the relative outliers.
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Figure 3.7: Mean monthly temperatures at the corresponding geopotential heights over

the 1801 to 1900 period as solids. Statistics are displayed as box-whisker plot.

The statistic of the precipitation values is di�erent than for the previously outlined

climatological quantities. Since precipitation is always de�ned as positive, the me-

dian (red) di�ers from the mean values (Fig. 3.8) especially for high values of Pref
during the summers. Additionally, the data exhibits upward or positive skewness,
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Figure 3.8: Mean monthly precipitation values at the reference plain over the 1801 to

1900 period as solids. Statistics are displayed as box-whisker plot.

because the medians are shifted toward lower portions of the boxes with a wider

range of values in the upper quartile as compared to the lower quartile. Thus, devi-

ations from the medians are more likely to be positive. The variability is distinct in

the third quarter of the year with outliers greater than four times the mean value

(August). Compared to the geopotential heights and temperatures, the application

of the arithmetic mean on the precipitation values constitutes the major limitation

of the climatological data, because single events of high precipitation (which greatly

a�ect the ablation periods especially during the summer months) are being excluded

from the climatology. These outliers lie far away from the whisker ends which is

a measure of how markedly di�erent the extremes are from the remainder of the

dataset. This smoothing process results in a mean monthly precipitation range be-

tween 52 mm (February) and 190 mm (August). The monthly mean precipitation

values sum up to 1211 mm yr−1. It is noteworthy that precipitation is not consid-

ered to be altitude dependent within the model, as values only represent monthly

summed up precipitation on a reference plain.

The climatology is summarized in table 3.1 to provide an overview. The uti-

lized mass balance module is based on these variables, and is subject of the next

subsection.

3.2.2 Mass Balance Model

The combined informations about the geopotential heights and the prevailing tem-

peratures allow to approximate the vertical temperature pro�le of the atmosphere

by the calculation of a vertically linear lapse rate. These lapse rate is utilized to

compute the local near-ground temperatures required by the temperature index melt
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Table 3.1: Statistics of the mean climate scenario.

H850 [m] H500 [m] T850 [◦C] T500 [◦C] Pref [mm]

µ(x) ∼= mean 1506 5635 3.6 -19.7 101

σ(x) ∼= std.-dev. ± 27 ± 97 ± 5.7 ± 3.7 ± 45

x̃ ∼= median 1505 5625 3.6 -19.3 79

max(x) 1542 5781 11.9 -14.3 190

min (x) 1468 5506 -4.4 -25.9 52∑12
1 (x) - - - - 1211

model. The main assumption in this respect is that the melting rate is a linear func-

tion of surface temperature above a given threshold. This is implemented by a DDF

that is constant with elevation � hence the glaciers have a vertically independent

temperature sensitivity. Many studies have shown that net radiation represents the

dominant energy source for melting glaciers (e.g. Wagnon et al., 1999; Mölg and

Hardy, 2004 and Huss et al., 2009). Since the air temperature information is trans-

ferred to the surface mainly through longwave atmospheric radiation, it is by far

the most important term in this respect. Because of this, the variables determining

the ablation process are correlated with temperature, or more speci�cally, air tem-

perature contains information on the major energy sources. Thus ablation during

any period can be assumed proportional to the sum of all positive temperatures

at the same place and during the same period (Ohmura, 2001 and Hock, 2005 for

an overview). The factor of proportionality linking melting rates to this monthly

temperature sum is the positive degree-month factor (DDF4) which is treated as a

constant in this study. This approach involves a simpli�cation of complex processes

that are more realistically described by the energy mass balance of the glacier surface

and overlaying atmospheric boundary layer. However, the applied temperate index

model is a computationally simple yet e�ective method of predicting ablation rates

as air temperatures are considered to be a proxy for the present energy �uxes. Thus,

empirically derived DDFs provide realistic melting rates compared to the results of

physical energy balance models and are su�ciently accurate for this purpose (e.g.

Hock, 2003; Sicart et al., 2008 and Guðmundsson et al., 2009).

In order to arrive at the surface mass balance (ṁ) calculated via a tempera-

ture index MBM, the near ground air temperatures have to be computed from the

climate data. By calculating the monthly lapse rates from the pressure and temper-

ature informations for two di�erent levels (850 and 500 hPa), a linear temperature

4Note: The DDF unit is converted from m ◦C−1 day−1 into m ◦C−1 month−1 to underline the

model's monthly resolution.
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pro�le can be derived from the meteorological variables to allow a linear downscaling

approach (Jarosch et al., 2012), which is shown in Fig. 3.9. The computed mean

annual cycle involves well-marked vertical temperature gradients in April, May and

June (≈ −6.8 ◦C / 1000 m) followed by an almost linear decay until the minimum

lapse rate is achieved in December (≈ −4 ◦C / 1000 m).
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Figure 3.9: Vertical temperature pro�les computed from the climatology and the respec-

tive lapse rate pathway throughout the year.

By applying the bedrock data to these lapse rates, the air temperatures above the ice

free ground can be derived for each month (Fig. 3.11). This approach achieves the

monthly mean minimum temperature Tsurf, min = −14.4 ◦C in the highest altitudes

in March and the monthly mean maximum temperatures Tsurf, max = 20.0 ◦C down

in the Vinschgau in July. The coldest month in the calculated scenario is January �

followed by temperatures which become increasingly positive throughout the domain

until August.

For every timestep the MBM is linking the current near-ground air temperatures

(and thus the calculated surface elevation) to the corresponding melting rates by

using the monthly precipitation data and the DDFs. Precipitation that occurs at

air temperatures greater than 3.0 ◦C is set to zero since it is considered to be liquid,

below that threshold precipitation is considered to be solid. This accumulation

approach is formalized by

Psolid =

{
Pref, if Tsurf ≤ 3.0 ◦C

0, else
(3.41)

producing the surface mass balances as

ṁ = Psolid −DDF ∗max (Tsurf − 1, 0) . (3.42)
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Hereby, a positive ṁ is leading to accumulation and negative values to ablation. The

amount of melting rates is largely a�ected by the speci�c value of DDF leading to a

possibility to tune the model to a practicable performance. A suitable DDF value is

producing positive mass balances in high altitudes resulting in accumulation of ice

and hence to the formation of an ice body. As a consequence, ice develops over the

year which itself is added on top of the bedrock. This computational step is inducing

a new surface elevation thus to lower temperatures causing the mass balances to be

shifted in positive direction (∼= surface height-mass balance feedback). This e�ect

is balanced by the ice �ow from the accumulation- to the ablation areas. If a

glacier reaches the equilibrium with its climate, the mass input in high altitudes is

compensated by simultaneous ice melt in lower heights and both are linked by the

ice mass �ux from top down.

The resulting monthly surface temperatures computed for the ice free initial

state are shown in Fig. 3.11 and are converted into monthly mass balances over

2000 m altitude in Fig. 3.12 with a DDF = 0.4 m ◦C−1 month−1. In January,

the maximum temperature in the domain is 0.6 ◦C, according to eq. (3.42) this

is producing accumulation equal to Pref over the entire domain, since precipitation

is considered to be height-independent. For the rest of the year, the maximum

surface temperatures are greater than 1.0 ◦C leading to the subtrahend to become

di�erent from zero and thus a reduction of the solid precipitation values. The choice

of DDF = 0.4 m ◦C−1 month−1 enables the appearance of accumulation in every

month of the year, because the ELA is located below the highest peaks that range

up to 3673 m (Fig. 3.10).
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Figure 3.10: Variations in the equilibrium line altitude (ELA) over the year.
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Averaged over the regions above 2000 m, mean surface mass balances are positive

from January until April, become negative between May and September and turn

positive again in October. In these altitudes, the ablation season during the summer

months has its maximum in August (−1.73 m month−1), whereas the net mass

balance is largest in November (0.09 m month−1). This maximum is a result of the

functional interaction between surface temperatures below 1.0 ◦C and the annual

cycle of precipitation (Fig. 3.8).
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Figure 3.11: Monthly surface temperatures at each elevation calculated from the verti-

cally linear decaying temperature pro�les.
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Figure 3.12: Monthly mass balances over 2000 m computed from the surface temperatures

and precipitation.
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Figure 3.13: Annual mean temperatures at bedrock elevation and calculated potential

mass balances over 2000 m in the ice free state for DDF = 0.4 m ◦C−1 month−1. Contour

lines for 500 m, 1000 m, 2000 m and 3000 m MSL as height indication.

The monhly derived temperature and mass balance data for the ice free state can

easily be projected to one entire year (Fig. 3.13). This exhibits the overall e�ect

of the computed mean climate on the terrain via analysing the spatial- and vertical

distribution of temperatures. As temperature is a linear function of altitude, the

relatively warm areas are down in the great valleys (especially in the southern part

of the domain) whereas the coldest ones can be found high up in the mountains.

By summing up the monthly derived mass balances over 2000 m, the net result

over one hydrologic year is being calculated for the ice free state. The annual

accumulation ranges from the ELA at 3001 m MSL to a maximum of 1.2 m yr−1

up at the mountain ranges. Consequently, accumulation occurs at high elevations

and ablation in lower elevated regions � as anticipated. Thus, highly negative mass

balances can be explained by the low bedrock heights and the associating higher

temperatures during the summer months. An increasing elevation goes hand in

hand with lower temperatures and thus larger surface mass balances until the ELA

is achieved. If the resulting glaciers expand to areas with low mass balances, the

melting is being compensated by the ice �ow transporting accumulated ice masses

from the upstream direction down to the valleys.
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3.2.3 Ice Flow Model

The inputs of the model are the bedrock topography, the speci�c net mass budget

over the area of the grid, the �ow law constants (A & n) and the initial ice heights

over the area (they can be zero). This makes it possible to use a simple, but

specialized, �ow model. The ice �ow is driven only by gravity � and deformation

is considered to be a response to the stress applied by the weight of the overlying

ice. If these stresses force the ice �ow over long time periods, the ice behaves like

a quasi-viscous �uid with a high viscosity. The term �quasi� therefore, because ice

cracks like a solid if shear strain rates exceed the threshold of ≈ 5 ∗ 10−7 sec−1

(Petrenko and Whitworth, 1999, p. 206) and crevasses result in reality (this process

is neglected within the applied model). Accumulation on the glaciers' surface is

transported downwards and towards the ice margin where computed mass balances

are negative.

The complex three dimensional �ow �eld is approximated by two dimensional

simpli�cations in the model at hand. A grid consisting of points throughout the

computational domain at a suitable resolution is chosen for solving the governing

equations which describe the laminar nature of the ice �ow. The spatial extent

within the present study is 60× 60 km with a horizontal resolution of 100 m, gener-

ating an equidistant grid with 360 000 nodes, since the �ow equations are vertically

integrated. By employing a mass conserving numerical scheme, the ice �ow ex-

pressed as di�usivity is the general precondition to allow computational e�ciency

for the simulation. The derivation of the underlying equations describing the ice

�ow as well as a detailed description of the appropiate numerical scheme to solve

these equations by numerical integration are presented in Chapter 2.3 and Chapter

3.1, respectively. The ice masses are allowed to move freely within the domain, i.e. if

the glaciers go beyond the extent of the available spatial setting the ice is not being

amassed at its boundaries (see Ch. 6.1.3). Consequently, the discrete variables such

as the total ice volume vice or the relatively ice covered area arel are always based

on the 60× 60 km domain.

3.3 Tuning the Model

A common basis is necessary to perform a sensitivity analysis. This so called �refer-

ence state� is the equilibrium resulting from the recommended values of �ow param-

eters for temperate ice. Therefore, anomalies from this reference state are attributed

to the respective �ow parameter changes . Since the climate is �xed by the continual

repetiton of the 19th century monthly means, the optimal value of the used DDF

remains unknown. From this circumstance it follows that the model can be tuned
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to ful�ll the desired performance: they are (1.) realistic glaciation of the domain,

and (2.) an acceptable computational time with an adequate memory capacity. As

previously outlined, the time integration is a nonlinear function of maximum ice

thickness (Chaper 3.1.2) so that advantages and disadvantages have to be weighed

to determine a reasonable compromise. On the one hand strong glacier distinc-

tions are desired, whereas on the other hand those variations lead to inaccessible

equilibriums if storage capacity is exhausted due to overlong simulation times.

This con�ict must be taken into consideration by the choice of a suitable ref-

erence state for the comparison of the anomalies. A vast number of tests has been

conducted to identify a practicable DDF value � using positive near ground air tem-

peratures as a proxy for the energy balance of the glacier surface to approximate

the ice ablation at the same position and during the same period. These DDFs have

been adapted to the model individually which starts simulations from an initially

ice free state until the rate of ice volume change from one year to the next is smaller

than 0.01 % yr−1 determining the glacier's equilibrium state. Those �nal conditions

are comparable to each other, since their only di�erence is provoked by the employed

DDF value and the output changes are solely explained by the DDF variations. The

computed DDFs range over one order of magnitude between ≈ 0.21 and 2.8 m ◦C−1

month−1 with a purposively chosen step-size (Tab. 3.2).

Table 3.2: Equilibrium quantities of various DDFs. See text for variables.

DDF [m ◦C−1 month−1] equi.-year vice [km3] hmax [m] arel [%] comment

2.80 601 5.7 165 3.2

2.00 411 7.0 169 3.9

1.75 388 7.7 170 4.2

1.50 420 8.8 171 4.7

1.25 402 10.2 171 5.4

1.00 412 12.5 172 6.4

0.75 415 16.3 197 8.1

0.70 437 17.5 205 8.6

0.60 494 20.6 221 9.8

0.50 585 25.2 247 11.6

0.40 492 31.3 270 14.1 reference

0.30 565 43.2 376 17.9

≈ 0.21 650 68.4 575 24.2
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The incompressibility assumption states that density changes are much smaller than

the divergence of the �ow �eld and can thus be neglected. Therefore, ice density

stays constant throughout the �ow � which implies that total volume (in km3) and

meltable mass (in Gt) are equivalent concepts. The smaller the applied DDF the

more ice volume (vice) is allowed to accumulate throughout the simulation. These

ice masses come along with increasing maximum ice thicknesses (hmax) and larger

glaciated areas (arel) of the domain. This positive trend is highly di�erent from

the number of years required to achieve the dynamic equilibrium. As the DDFs

shrink from 2.8 to 1.25 m ◦C−1 month−1 the amount of years needed to reach the

�nal state decreases from 601 years down to a minimum of 402 years. If the DDF is

reduced further to approximately 0.21 m ◦C−1 month−1, the total number of years is

increasing again up to 650 years. This �nding illustrates the presence of the existing

nonlinearities which is attributed to the power-law behaviour of ice when it responses

via deformation to an applied stress (Chapter 2.2.1). According to the calculated

values, a DDF = 0.4 m ◦C−1 month−1 has been chosen due to the relatively large

ice masses which have been computed in rather short time (492 years).
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Figure 3.14: Glacier properties and surface mass balance details in the equilibrium state.

Contours are displayed in 1 m steps, the ELA is outlined bold.

Approximately 14 % of the domain is covered by glaciers which have a maximum

thickness of 271 m and a total ice volume of 31 km3 (Fig. 3.14). Small-scale features

are the formation of glacier tongues down in the valleys which are fed by the large

glaciated areas of the accumulation areas. Furthermore, shallow ice areas arise from

the topographically driven mass balances due to its linear dependence of altitude.
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Those ice masses are considered to be small cirque glaciers and therefore being added

to the total proportion of glaciation. Hintereisferner is uni�ed with Kesselwandferner

and Vernagtferner advances to the bottom of the Rofen valley. If the mass balance

is superimposed on the glaciers' surface, the importance of the ice �ow is clari�ed.

As accumulation can only take place in positive mass balance areas it follows that

the glacier terminus reaches negative mass balance altitudes as a consequence of the

�owing properties of ice. Because of this, the minimum mass balance (ṁmin) reached

in the reference con�guration is −11.4 m yr−1. Given the fact that the ice simulation

started from an initially ice free state, the equilibrium state between the glaciers'

geometry and the applied climate scenario is achieved from the positive section of

mass balances via construction of ice and not by ice melt. Thus, the calculated

mean mass balances (ṁmean) are forced to be positive and close to zero � here 0.05

m yr−1. Maximum mass balance (ṁmax) is 1.2 m yr−1 in the �nal state which is

explainable due to eq. (3.41) and its upper temperature limit for solid precipitation

(Tsurf ≤ 3.0 ◦C) leading to slightly positive accumulation in high altitude regions.



Chapter 4

Sensitivity Analysis

4.1 Flow Parameter Pairings

The quanti�cation of the model's output can be apportioned by di�erent procedures.

In this study, the method is that of changing one-factor-at-a-time (OFAT) to see

what e�ect this produces on the output. The underlying idea is to move one input

variable, keeping others at their baseline values, then, return the variable to its

nominal value and repeat for each of the other inputs in the same way. Sensitivity

of the results on the input is hereafter analyzed by monitoring changes in the output

by �nite di�erences methods.

The applied approach represents the properties of a boundary value problem.

The previously outlined di�erential equations serve as evolution equations specifying

how the system evolves with time from a given set of initial conditions at t = t0.

Since those predictive formulations disregard any kind of random elements in the

development of future states, the model will always produce the same �nal state

from a given initial condition � a paradigm referred to as a deterministic system.

During the simulation, the model runs through several iterations until the solution

is essentially identical to that in the previous iteration and the model has �forgotten�

its initial condition. This leads to the hypothesis that the �nal solution itself can

serve as an initial state in a subsequent run in order to save storage capacity and

often computation time.

Following this idea, the theoretically plausible range of the rate factor A =

[1.363, 6.8] ··= {x ∈ IR|1.363 ≤ x ≤ 6.8} [10−24 Pa−3 s−1] determined in Chapter

2.2.2 is subdivided in 17 discrete values of equal size between 0.8 and 7.2 ∗ 10−24

Pa−3 s−1. This �xed scale is applied to creep exponents n ranging from 1.01 to

4.3 (Cu�ey and Paterson, 2010) with a step reduction from 0.25 to 0.1 at n = 2.5

leading to a total number of 425 plausible parameter combinations describing the

�ow properties of ice. To obtain the equilibrium states of the respective combina-

tions, the simulations start from the equilibriums representing the most likely rate

factor for temperate ice (A = 2.4 ∗ 10−24 Pa−3 s−1) � where n is perturbed system-

atically. Those themselves have previously been computed from an initially ice-free

state. Within an acceptable amount of storage utilization, this approach results in

possible and impossible equilibria. Although the arising dataset simply consists of

57
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252 comparable equilibrium states, the region around the recommended parameter

pairing is enabled to be analyzed by 200 di�erent pairings (Fig. 4.1).
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Figure 4.1: Overview and general concept of the studied parameter space. The horizontal

black lines indicate the belonging of the A perturbations to their corresponding ice covered

initial conditions (red and cyan dots).

The data gap for 1.75 ≤ n < 2.9 causes me reduce the plausible to the possible

parameter range for the sensitivity analysis carried out later on the basis of 2.9 ≤
n ≤ 4.1. This transition period originates from the too long calculation times in this

parameter range (often longer than two months), which is a result of the connection

between ice thickness and di�usivity. Considering this interaction theoretically, the

problem is at �rst intensifying for smaller creep exponents than n = 3 as ice viscosity

and simultaneously maximum ice thicknesses are increasing. Larger ice thicknesses

lead to larger di�usivities and the calculation of very small stable timesteps for

one iteration to ensue numerical stability, leading to the equilibrium states to be

impossible. Thereupon a balancing e�ect gains importance because the developing

ice masses are less and less di�usive for smaller creep exponents. That being the

case, di�usivities decrease to an extent where the desired equilibrium states are again

attainable (n ≤ 1.5) within acceptable computational cost, because the relatively

small di�usivities lead to an increase of the stable timesteps. This issue is discussed

more precisely in Chapter 6.2.1. Although less marked, this interaction can be
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observed in the opposite direction. For n > 3.8, the ice softens to an extent where

its low viscosities induce such high di�usivities that prevent the model again to run

into equilibrium in a su�cient calculation time. This is because the glaciers are too

�liquid� to achieve their �nal state, since accumulated ice masses �ow very quickly

downslope. As the ice �ow is directly proportional to the rate factor in Glen's �ow

law, this problem occurs from high A values and is intensifying for greater creep

exponents. The initial state for n = 2.8 at A = 2.4 ∗ 10−24 Pa−3 s−1 has been

removed from the sensitivity dataset because the A variation failed totally in its

corresponding row of perturbations (Fig. 4.1). This is due to the circumstance that

even the utilization of a ice covered ICs has not enabled the achievement of the

perturbed dynamic equilibria within acceptable computational time.

The variables that are analyzed within the scope of the sensitivity analysis can

be apportioned in two main categories: the glaciers' spatial extent and the conditions

prevailing at their surface. Thus, the equilibrium states of their individual members

are studied hereafter.

4.1.1 Glaciation Properties

One way to characterize the size of the resulting glaciers is to integrate the ice

volume over the entire domain. This quantity represents the amount of meltable ice

and is therefore of high interest � primarily in terms of the glacier contribution to

sea level rise.
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Figure 4.2: Equilibrium ice volume in the domain for each �ow parameter combination

and its anomaly from the reference state.

The �nal ice volumes resulting from the individual A & n-pairings are highly diverse

(Fig. 4.2). Over the available dataset, vice varies by a factor of 29. The ice volume
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is increasing drastically for a reduced n and is decreasing for increasing values for A.

This leads to a maximum of 71.5 km3 for the smallest �ow parameter combination

and to a minimum of 2.5 km3 at A = 3.2 yPa−3 s−1 & n = 4.1.5 Despite the

simplicity, the form of the exponential curve features a lesser decline from the initial

states at A = 2.4 yPa−3 s−1 to the larger A = 2.8 yPa−3 s−1. This e�ect is well

pronounced for smaller values of n and disappears towards n = 4.1. Relating the

values to the currently recommended �ow parameter combination for temperate ice

(recall A = 2.4 yPa−3 s−1 & n = 3.0) additional 40.1 km3 of ice have been produced

by the reduction of the rate factor and the creep exponent. The resulting gradient

�attens drastically towards lower ice viscosities. Another important e�ect of the

present parameter uncertainty is the variety in the computed horizontal extents of

glaciation. As ice covers the domain's surface, it alters the average albedo and may

induce the positive ice-albedo feedback.
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Figure 4.3: Final amount of relative ice covered area for each �ow parameter combination

and its anomaly from the reference state.

A similar shape as computed for the ice volume but a far smaller magnitude is the

result of the relatively ice covered area (Fig. 4.3). The minimum amount of glaciated

parts of the domain is 11.6 % and the maximum sums up to 16.3 %. In contrast to

the ice volumes, the increase of the output variable from the initial states to A = 2.8

yPa−3 s−1 is well-marked for larger creep exponents and is vanishing towards smaller

n values. The sti�er the ice, the more areas are covered by a body of ice. Reversely,

if the viscosity is reduced the glaciers' area declines.

In the context of the model at hand, the glaciers' maximum ice thickness is

most notably of numerical interest, since it is the major term in the de�nition of

5Note: for convenience, the pre�x Yocto- (symbol y) is introduced to denote a factor of 10−24.
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di�usivity. Within the available dataset, the most shallow glaciers extent vertically

up to 74.7 m (Fig. 4.4). As anticipated, the thickest ice masses reach 592.8 m for

the highest viscosities. This indicates that sti�er glaciers grow mainly in vertical

direction, since the di�usivities are decreasing simultaneously.
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Figure 4.4: Maximum ice column height in the equilibrium state for each �ow parameter

combination and its anomaly from the reference state.

Summarizing the glaciation poperties it can be said, that the uncertainty concerning

the values of the �ow parameters has a non-negligible e�ect on the spatial distribu-

tion of ice masses. This modi�cation in�uences the boundary conditions prevailing

at the glaciers' surface, hence the characteristics of the surface mass balance are

exposed hereafter.The upper and lower limit of the possible uncertainty range are

shown in Fig. 4.5. These two examples are somewhat idealized extremes; the other

equilibria fall somewhere between them.

4.1.2 Mass Balance Features

The mass balance of a glacier is a concept critical to all theories of glacier �ow. It

represents the quantitative expression of the glaciers' volumetric changes through

time. Since the simulation loop is left if the change in total ice volume is smaller than

0.01 % yr−1, the conditions at the glaciers' surface give indication about the degree

of inaccuracy resulting from the applied abort criterion. Theoretically speaking, the

mean surface mass balances are equal to zero in a perfect equilibrium. Over the

whole range of computed �ow parameter pairings, the �nal states range between 34

and 58 mm w.e. yr−1 and are therefore close to this ideal value (Fig. 4.6). According

to the anomalies, the glaciers grow towards the left region of the initial states and

shrink towards the right direction. This e�ect is well pronounced for small creep
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exponents leading to a relatively large gradient of mean mass balances between 2.4

and 2.8 yPa−3 s−1. The magnitude of this gradient is decreasing as the ice becomes

less-viscous for higher n values.

Overall, the mass balance data exhibits a totally di�erent shape than the previ-

ously outlined glaciation properties. In this case, the model's output varies mainly

due to the rate factor variation and to a lesser extent through the creep exponent �

in contrast to the aforementioned horizontal and vertical extents, which principally

depend on n.
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Figure 4.5: Glaciation (top) and mass balance properties (bottom) of the largest (left)

and smallest (right) glaciers in the equilibrium state. Note the di�erent scales for the ice

thicknesses and the surface mass balances.
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As the glaciers become higher-viscous, they gain more and more ice volume. These

ice masses reach up to higher elevations, thereby increasing mass balance and modi-

fying equilibrium conditions. In this case, the glaciers continue to advance expanding

its low elevation area via the redistribution of ice masses achieved by the ice �ow.

Consequently, this results in more melting in order to increase overall ablation and

reestablishing equilibrium conditions by balancing the provoked higher accumula-

tion rates. The process is illustrated by the minimum mass balance reached by the

glaciers' terminus down in the valley.
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Figure 4.6: Mean surface mass balances of the glaciated areas, resulting from each �ow

parameter combination and its anomaly from the reference state.

Following this idea, the most viscous ice masses advance to minimum surface mass

balances of −12.4 m yr−1, whereby highly �uid glaciers only reach −9.1 m yr−1 (Fig.

4.7). Flow parameter combinations in between result in two categories: On the one

hand the achieved ṁmin is dependent on the value of the rate factor for n ≤ 3.6, on

the other hand it regains independence thereof for higher creep exponents.

According to the anomalies from the reference state, a reduced viscosity of ice

induces glacial retreat to higher elevations and thus the minimum mass balances are

less negative. Since equilibrium states are compared with each other, the recovery

has been achieved by the loss of the low elevation region of the glaciers.
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Figure 4.7: Attained minimum mass balances for each �ow parameter combination and

its anomaly from the reference state.

4.2 Cross-Section Results

To provide more detailed information about the model's sensitivities, the previously

described contour-plots are apportioned along the A variation as well as along the

n variation. The resulting cross-sections intersect at the reference state (∼= red dot

in the following) and the respective curves of the output variables are analyzed by

the utilization of the forward di�erence approximation.

The slope of these output curves has important implications, since it appears

as the sensitivity of the y variable to changes in the x variable. This property is

expressed in the value of the slope and therefore denoted as the rate of change

in y = y(vice, arel, ṁmean) as a result of a perturbation in x = x(A, n). The

prevailing nonlinear functions are characterized by a change in slope at every point

of the curve. An e�cient method for the computation of parameter sensitivities

is to use �nite di�erence estimates for approximating the �rst derivative of the

variable of interest. This method is very useful, since the accuracy and the e�ciency

of the sensitivity approach refers to changes at a �xed location and the results

are easily comprehensible. Although �nite di�erence approximations are neither

particularly accurate, this method's biggest advantage resides in the fact that it is

quickly implemented. Glacier geometries and mass balance conditions for the lowest,

highest and A perturbations in between are shown in Fig. 4.8.

4.2.1 Rate Factor Sensitivity

As total ice volume is decreasing for lower-viscous ice rheologies, the rate of decline

is less negative in place of the reference state (Fig. 4.9). This results from the

de�nition of the forward di�erence approximation, because the larger value of the
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rate factor induces a slightly bigger ice volume than expected from the slope leading

to the little bit oversized slope. Those exceeding ice masses are a consequence

of the applied approach to determine the �nal states. Since all A variations are

achieved from the equilibrium state at A = 2.4 yPa−3 s−1, the more viscous glaciers

grow from this initial state whereas relatively low-viscous glaciers shrink during the

simulation. As a consequence, the respective equilibrium states are achieved by two

di�erent approaches via ice construction in one direction and ice destruction in the

other. Therefore, the outlier at A = 2.8 yPa−3 s−1 is a result of the imperfect �nal

equilibrium leading to an in�ated slope at A = 2.4 yPa−3 s−1, since it enters at this

point through the computation of the forward di�erence approximation.
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Figure 4.8: Glacier geometries and surface conditions for lower (A = 0.8), middle (A =

4.0) and upper values (A = 7.2 yPa−3 s−1) of the rate factor in the respective equilibrium

states. The creep exponent is set to n = 3.0 for all panels.

The consequences of the de�nition of an inital state is more pronounced by its e�ect

on the fraction of the ice covered area of the domain (Fig. 4.10). In the reference

state the thickest parts of the glaciers are located in the valleys. The corresponding

glacier geometry is therefore unsuitable if the ice properties are less viscous for the

larger A. The increased di�usivity is highest where the glaciers are thickest and thus

the glaciated area is growing mostly due to the glacier spread down in the valleys.
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As the �ow properties become less viscous in the next step, the mass discharge from

high to low elevations increases since the driving force (gravity) stays constant.

Consequently, the ice covered summits lower at the same time due to the increased

mass transport from top down and glaciated area is regressive as ablation increases

in lower elevated regions. This represents a form of the surface height-mass balance

feedback which is leading to the disappearance of the �initial state e�ect�.
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Figure 4.9: Total ice volumes for n = 3.0 and its sensitivity to perturbations in the rate

factor.
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Figure 4.10: Relatively ice covered area for n = 3.0 and its sensitivity to perturbations

in the rate factor.
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Within the cross-section, �nal states computed for lower viscosities as the reference

con�guration are closer to the perfect equilibrium than those with higher viscosities

(Fig. 4.11). Although absolute values are relatively close to zero, the rate factor

perturbation towards A = 2.8 yPa−3 s−1 causes a distinct mass balance gradient.

This is due to the fact, that in this step especially thick and low elevated glacier

tongues of the initial state spread horizontally. As a result, the area of ice masses

in those regions increases causing the net surface mass balance to drop, since the

portion of ablation rises simultaneously. Variations between the respective equilibria

are comparatively small on both sides of the drop-o�. That is why the degree of

equilibrium imperfectness is relatively small between the individual values of the

sti� (A < 2.4 yPa−3 s−1) and the higher-viscous category (A > 2.4 yPa−3 s−1),

separated by the provoked gradient.
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ṁ
m
ea
n

∆
A

[m
yr
−

1
/

0.
4
∗1

0−
24

P
a−

3
s−

1
] sensitivity to ∆A

10−24

Figure 4.11: Mean mass balances for n = 3.0 and its sensitivity to perturbations in the

rate factor.

In spite of this drop-o�, the model's �nal mass balance states are almost independent

of A variations which is especially apparent from the higher-viscous section. This

is in complete contrast to the previously revealed model's sensitivities to the rate

factor, because they show a distinct reaction to perturbations in A. This dependence

is well-marked for the total ice volume and comparatively less-marked for the ice

covered area � approximately one order of magnitude smaller. All in all, the analyzed

discontinuity around the reference condition generates a possibility to estimate the

over-all error induced by the application of an initially ice covered state (Chapter

6.1.2). Furthermore, this model property could be utilized in future to derive a

bene�t from the gradient feature (Chapter 7.2.2). The results of the cross-section

along the n variation is the subject of the next subsection.
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4.2.2 Creep Exponent Sensitivity

As for the creep exponent, the consequences of its pertubations are extensive.

Glaciers and their spatial mass balance distribution for lower, middle and upper

values of the creep exponent are shown in Fig. 4.12. The enlargement from n = 3.0

to n = 4.0 caused to reduce the amount of ice masses by a factor of approximately

ten (Fig. 4.13). This drastic decline is much more pronounced for creep exponents

smaller than n = 3.3 and is relatively less consequential for bigger values. The rate

of volume downturn decreases without any recognisable discrepancy and represents

the e�ects of a constant reduction of viscosity. The sti�est ice masses stack up in the

accumulation areas as well as in the ablation zones leading to an overall maximum

of ice volume. As the ice softens, di�usivities of all orientations increase causing

an enlargement of mass redistribution to reestablish equilibrium conditions. This is

achieved by an ampli�ed melting in the lowest elevations of the glaciers and thus

the glaciers' termini retreat to higher elevations to stabilize. Simultaneously, the

vertical extents of the ice masses is thinning down and the total ice volumes are

further reduced.
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Figure 4.12: Glaciation properties and surface mass balance characteristics for lower

(n = 2.8), middle (n = 3.4) and upper values (n = 4.1) for the creep exponent. The rate

factor is A = 2.4 yPa−3 s−1 for all panels.
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The relative amount of glaciated area provides a very similar response as shown for

the ice volumes (Fig. 4.14). Nevertheless, there is still one di�erence: for the variable

arel the consequence of a decreased ice viscosity is of a far lower magnitude than

those associated with vice. Although the glaciers shrink drastically in their vertical

extent as they become less-viscous, they cover almost the same horizontal region.

For increasing the creep exponent from n = 3.0 up to n = 4.0, the spatial reduction

amounts to just −2.4 % of glaciated area which accounts for −17 % relative area

loss from the reference state extent.

3.0 3.2 3.4 3.6 3.8 4.0
n

0

5

10

15

20

25

30

35

40

45

v i
ce

[k
m

3
]

absolute values

3.0 3.2 3.4 3.6 3.8 4.0
n

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

∆
v i
ce

∆
n

[k
m

3
/

0.
1]

sensitivity to ∆n

Figure 4.13: Total ice volumes for A = 2.4 yPa−3 s−1 and its sensitivity to perturbations

in the creep exponent.
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Figure 4.14: Relatively ice covered area for A = 2.4 yPa−3 s−1 and its sensitivity to

perturbations in the creep exponent.
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All the mean mass balances of the inital states for the A perturbations are rela-

tively close to the perfect equilibrium. However, their reaction on creep exponent

pertubations is less marked (Fig. 4.15) than their response to changes in A (Fig.

4.11). This �nding is a result of the applied approach to save storage capacity. On

the one hand the initial states have been computed from an ice-free inital condition

and are thus completely independent from each other, on the other hand both the

high-viscosity as well as the low-viscosity A variations start simulations from those

ice-covered inital states.
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Figure 4.15: Mean mass balances for A = 2.4 yPa−3 s−1 and its sensitivity to perturba-

tions in the creep exponent.



Chapter 5

Uncertainty Analysis

5.1 Signi�cance and Interpretability

Sensitivity analysis consists in computing derivatives of one or more quantities (out-

puts) with respect to one or several independent variables (inputs). In the prevailing

study, this analysis is achieved by performing an OFAT-approach based on �nite dif-

ferences. In this sense, a stepwise perturbation of the �ow parameters yields to the

dataset which is required by its application. The applied method goes hand in hand

with simpli�cations, including numerical conventions and physical simpli�cations

which both introduce inaccuracies in the values displayed for the sensitivity analy-

sis. Therefore, the main error sources are outlined below to allow an estimation of

the OFAT-feasibility.

5.1.1 Accuracy of Finite-Di�erence Approximations

The principle of �nite di�erence methods consists in approximating the di�erential

operator by replacing the derivatives using di�erential quotients on a discretized

domain (Hooke, 2005). The arising error between the numerical- and the exact

solution is determined by the error that is commited by going from a di�erential

operator to this �nite di�erence operator. The induced failure is denoted as the

discretization- or truncation error re�ecting the fact that a �nite part of a Taylor

series is used in the approximation (LeVeque, 2007). The main theory behind any

�nite di�erence scheme is related to the de�nition of the derivative of a function

y(x) at a point xi ∈ IR as

∂y

∂x

∣∣∣
i

= lim
h→0

y(x+ h)− y(x)

h
, (5.1)

where h is called the �nite di�erence interval. Due to the circumstance that if

h → 0 (without vanishing), the quotient on the right-hand side provides a good

approximation for the �rst derivative. This itself is a fact, since the error commited

in this approximation tends towards zero when h tends to zero leading to a possibility

to quantify this error using a Taylor expansion. Taylor's Theorem states that any

71
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function y(x) can be expressed as a series expansion about a point x = xi as

y(x) = y(xi) +
(x− xi)

1!

∂y

∂x

∣∣∣
i
+

(x− xi)2

2!

∂y2

∂x2

∣∣∣
i
+ . . .+

(x− xi)k
k!

∂yk

∂xk

∣∣∣
i

= (5.2)

=
∞∑
k=0

(x− xi)k
k!

∂yk

∂xk

∣∣∣
i
,

where k ≥ 1 is an integer and the function y : IR → IR is k times di�erentiable at

the point xi ∈ IR. If the function y(x) is continuos in the neighborhood of xi, then x

can be replaced by x = xi + h = xi+1. Hereby, h = xi+1 − xi is a number indicating
the location of the point xi+1 = xi + ∆x.

y(xi+1) = y(xi) +
(xi+1 − xi)

1!

∂y

∂x

∣∣∣
i
+

(xi+1 − xi)2

2!

∂y2

∂x2

∣∣∣
i
+ . . .+

(xi+1 − xi)k
k!

∂yk

∂xk

∣∣∣
i

=

= y(xi) +
h

1!

∂y

∂x

∣∣∣
i
+
h2

2!

∂y2

∂x2

∣∣∣
i
+ . . .+

hk

k!

∂yk

∂xk

∣∣∣
i

= (5.3)

=
∞∑
k=0

hk

k!

∂yk

∂xk

∣∣∣
i

which leads to the forward di�erence approximation, because the derivative is based

on the value x = xi and it involves the function y(x) evaluated at x = xi + h, i.e.

at a point located forward from xi by an increment h.

∂y

∂x

∣∣∣
i

=
y(xi+1)− y(xi)

h
− h

2!

∂y2

∂x2

∣∣∣
i︸ ︷︷ ︸

O(h)

− . . .− hk−1

k!

∂yk

∂xk

∣∣∣
i︸ ︷︷ ︸

O(hk−1)

≈ y(xi+1)− y(xi)

h
. (5.4)

Thus, the computed error is the modulus∣∣∣∣∣y(xi+1)− y(xi)

h
− ∂y

∂x

∣∣∣
i

∣∣∣∣∣ ≤Mh,

where M depends mainly on the second derivative. Similarly, x can be replaced in

eq. (5.2) by x = xi − h = xi−1 where h = xi − xi−1 ↔ −h = xi−1 − xi is leading to

y(xi−1) = y(xi) +
(xi−1 − xi)

1!

∂y

∂x

∣∣∣
i
+

(xi−1 − xi)2

2!

∂y2

∂x2

∣∣∣
i
+ . . .+

(xi−1 − xi)k
k!

∂yk

∂xk

∣∣∣
i

=

= y(xi)− h

1!

∂y

∂x

∣∣∣
i
+
h2

2!

∂y2

∂x2

∣∣∣
i
− . . .+ (−1)k

hk

k!

∂yk

∂xk

∣∣∣
i

= (5.5)

=
∞∑
k=0

(−1)k
hk

k!

∂yk

∂xk

∣∣∣
i
,
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which de�nes the backward di�erence approximation according to

∂y

∂x

∣∣∣
i

=
y(xi)− y(xi−1)

h
+
h

2!

∂y2

∂x2

∣∣∣
i︸ ︷︷ ︸

O(h)

− . . .+ (−1)k
hk−1

k!

∂yk

∂xk

∣∣∣
i︸ ︷︷ ︸

O(hk−1)

≈ y(xi)− y(xi−1)

h
.

(5.6)

where the function is evaluated at a point located backward from xi by the increment

h. Again, the error is given by the modulus of∣∣∣∣∣y(xi)− y(xi−1)

h
− ∂y

∂x

∣∣∣
i

∣∣∣∣∣ ≤Mh.

Since h = const in an equidistant grid eq. (5.5) can be substracted from eq. (5.3)

to get the expression

y(xi+1)− y(xi−1) = 2h
∂y

∂x

∣∣∣
i
+
h3

3

∂y3

∂x3

∣∣∣
i
+ . . . (5.7)

where the even terms, i.e. h2, h4, . . . vanish. This is leading to the centered di�erence

approximation through

∂y

∂x

∣∣∣
i

=
y(xi+1)− y(xi−1)

2h
− h2

6

∂y3

∂x3

∣∣∣
i︸ ︷︷ ︸

O(h2)

− . . . ≈ y(xi+1)− y(xi−1)

2h
. (5.8)

Notice that this formula includes the points [xi−h, y(xi−h)] and [xi+h, y(xi+h)].

The resulting order of the error is∣∣∣∣∣y(xi+1)− y(xi−1)

2h
− ∂y

∂x

∣∣∣
i

∣∣∣∣∣ ≤Mh2,

indicating that central di�erences are second order approximations, sinceM depends

on the third derivative in this case. Each of the approximations is obtained by

neglecting the error terms indicated by the big O-notation, whereby the order of

the error for the particular method is easily seen from formal expansions as Taylor

series about the value xi. Since h is a relatively small quantity, it follows that 1 > h

and h > h2 > h3 > . . . > hk. For this reason, the remaining of the series represented

by the O-notation provide the order of the error incurred in neglecting this part of

the series expansion. The forward and backward di�erences (equations (5.4) and

(5.6), respectively) have error O(∆x) and the central di�erences O(∆x2) according

to eq. (5.8) � therefore, they are particularly called �rst- and second order accurate.

Hence, the forward- and backward method is usually not as precise as using central

di�erence formulas to approximate a �rst derivative.
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Whenever �nite di�erence algorithms are utilized to approximate derivatives, two

main sources of error arise: namely, the truncation- and condition error. Truncation

errors are the absolute di�erence between the exact solution and the computed value

of a perturbed function (if it can be assumed that there is no loss of numerical preci-

sion during the simulation). Its magnitude is estimated by the order of the neglected

terms in the Taylor series representation of the perturbed function and increases by

overly large step sizes. Condition errors are generated by loss of numerical precision

caused by computer round-o� errors in the numerical evaluation of a function. Its

intensity can be conservatively estimated as being inversely proportional to the step

size and therefore considered negligible. Since the two di�erent errors interact, the

optimum step size is the one which balances the truncation and condition errors to

an extent that minimizes the �nite di�erence error (Iott et al., 1985). Automatically

calculating an optimum step size is desirable for computational e�ciency so as to

allow broad coverage. However, in the absence of methods for selecting a suitable

step size a trial-and-error approach � requiring many model evaluations � has been

conducted to determine an informative value (∆0.4 yPa−3 s−1).
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Figure 5.1: Comparison of various �nite di�erence methods on the computed total ice

volumes along the A variation.

The sti�er the ice, the larger the inequality between the sensitivities calculated by

the individual �nite di�erence methods (Fig. 5.1). This is a consequence of the

exponential decay of total ice volumes which is characterized by a rather sharp

gradient with maximum descent for smallest A values. The discontinuity results

from the utilization of the ice covered initial state and occurs at A = 2.4 yPa−3

s−1 for forward di�erences and at A = 2.8 yPa−3 s−1 per de�nition. The e�ect of
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additional ice masses is partioned on the two discrete steps for centered di�erences.

Note that the portrayed sensitivities remain essentially unchanged by varying the

�nite di�erence method for ice with lower viscosities.

Sensitivities computed via the backward di�erences are most pronounced, fol-

lowed by those calculated by centered di�erences. The model's response to input

perturbations is least pronounced in the case of forward di�erence approximations.

This model behaviour is in principle the same for both rate factor perturbations and

creep exponent perturbations (Fig. 5.2).
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Figure 5.2: Comparison of various �nite di�erence methods on the computed total ice

volumes along the n variation.

5.1.2 Evaluation and Error Estimation

Since the model variations are run from initial conditions (ICs) which are covered

by glaciers, the computed �nal states represent only an approximation to the equi-

librium states. As the �ideal� �nal equilibria are de�ned to be computed from ice

free beginnings, the utilization of glacierized ICs represents a necessity to save com-

putational ressources by the shortening of the model's spin up time. This approach

leads to a discrepancy between the exact value and the approximation to it, because

the approximations ψ are used instead of the real data ψ̂. If the introduced abso-

lute error is divided by the magnitude of the exact value ψ̂, the percent error ξ is

expressed in terms of per 100, formalized as

ξ =
ψ − ψ̂
ψ̂
∗ 100 %, (5.9)
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where the modulus of the numerator equals the magnitude of the absolute error.

Since the reference con�guration (red dot) is both times computed from an initially

ice free setting, the deviation between its respective �nal values is always equal to

zero.
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Figure 5.3: Comparison between the actual equilibrium states computed from ice free

initial conditions and the approximated �nal states simulated from an ice covered initial

state.

The error introduced by the utilization of ice covered ICs is leading to a modi�cation

of the computed equilibrium states. The impact is more pronounced for lower vis-

cosities than the reference con�guration and entails additional ice masses that extent

over a larger area of the domain (Fig 5.3). However, the approximated equilibria are

close to the true values and the deviation is somewhat higher at low viscosities. The

reliability of the applied approach to estimate the ideal equilibria is quantitatively

at reasonable cost (approximately 1.5 % in total ice volume and between 0.9 to 1.4

% in relatively ice covered area).

Although it is rather small, the utilization of ice covered ICs causes a small

e�ect on the resulting equilibrium states. This consequence originates from the rapid

collapse of the ice body, if its rheological properties are replaced from one iteration

to another as it is the case in the applied method. This in�uences sti�er glaciers

less than ice masses with lower viscosities. The e�ect of IC is only observeable for

rate factor perturbations and not for creep parameter variations, because the inital

states of the latter are common � the bedrock.
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5.2 Application Limitations

The model setup as well as the underlying approximations involve several limita-

tions which are discussed hereafter. This includes the consideration of both the

application's usefulness and the physical restrictions which are essentially due to

the limited computer capacity to perform a great number of di�erent simulations.

5.2.1 Other Methods for Sensitivity Analysis

Several methods for estimating sensitivities exist but since none of them is the clear

choice for all cases, it is important to understand their relative merits. The re-

spective accuracy and computational expense are the main factors to determine a

suitable practice. Or more speci�cally, the ratio of the number of outputs to the

number of inputs and the importance of computational e�ciency. The cost of cal-

culating sensitivities via the �nite di�erence approximations is directly proportional

to the number of design variables, since the outputs must be computed for each

perturbation of xi. In the case of forward- and backward di�erences, the cost to an-

alyze m model runs is m+ 1 times the cost of calculating y(x) � centered di�erences

require two additional calculations. Similarly, if there are N uncertain parameters

and if only the maximum likely, minimum likely and most probable values of all

parameter pairings is to be tested, the resulting number of model runs is 3N which

becomes a daunting task for many parameters N. The problem with this type of

variance based approach is that, in fact, all that has been determined is the discrete

impact of one discrete input perturbation ∆x on the speci�c output ∆y. For this

reason, alternative methods exist that provide a computationally e�cient (although

approximate) way in variational sensitivity analysis.

Tangent Linear Models

A di�erent way to compute the evolution of perturbations generated by the non-

linear forecast model at hand is to provide a linearized version of it. This can be

implemented by utilizing a mathematical approach comprising tangent linear equa-

tions which represent a �rst-order approximation to the evolution of input parameter

perturbations in a nonlinear forecast trajectory. Since the linearization is performed

with respect to tangents on a time-evolving solution, such a model is called a tangent

linear model (TLM). The essential preconditions are that the evolution of these per-

turbations may be approximated by tangent linear equations for �nite time intervals

as well as that all model terms are di�erentiable with respect to the model �elds

(Errico et al., 1993). As the TLM is linear with respect to perturbations in those

model �elds, computation is often more e�cient in comparison with the original
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model. Nevertheless the TLM can only propagate one input parameter perturba-

tion at a time and still requires N executions for N input parameters. This is due to

the fact that a TLM is integrated forward in time just like the initial model setup �

even so its linear character allows for a more e�cient propagation of perturbations

through the model. However, the development of a TLM is very useful for under-

standing the inaccuracies of its corresponding adjoint, because both are strongly

related.

To develop the two models, the derivation of Errico (1997) is followed: The

collection of input values of the model can be denoted by the initial state vector

~a. For the prevailing SIA-model its components are, among others, the values of

the �ow parameters, the boundary conditions (i.e. the bedrock shape), the glaciers'

geometry, . . . which are individually denoted by the kth-component ak at the model's

initial time. Similarly, the values of the output at forecast time are collected by the

�nal state vector ~b, which is of the same dimension as ~a and its components are bj.

Thus, the temporally discretized SIA-model takes the collection of input numbers

to produce another collection of output numbers by forward integration. This is

simply described by
~b = B̂(~a), (5.10)

where B̂ denotes the model operator. Discrete input perturbations ∆ak are rep-

resented by a′k and thus output perturbations can be approximated by �rst-order

Taylor series

∆bj ≈ b′j =
∑
k

∂bj
∂ak

a′k, (5.11)

as long as the magnitude of input perturbations is su�ciently small. The matrix M

(a Jacobian) that describes the set of derivatives appearing in the equation above

is called a tangent linear operator, because it involves only a linear combination of

terms in the dependent variable. Consequently, eq. (5.11) is linear in the perturba-

tion quantities and provides a linearized version of the model.

Adjoint Models

The adjoint model is created from the TLM and has the advantage of determining

sensitivities backward in time. Actual �elds of sensitivity are thus produced directly

and e�ciently by propagating perturbations in output variables to all existing input

variables. Given one output variable and N input parameters, the adjoint model

requires only one execution to recover all N input parameter perturbations. If J

represents a scalar measure of the forecast, then J = J(~b) = J [B(~a)] and the

application of the chain rule yields a linear relationship for gradients as

∂J

∂aj
=
∑
k

∂bk
∂aj

∂J

∂bk
. (5.12)
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Thus, the adjoint model relates sensitivity gradients by replacing the Jacobian ma-

trix in eq. (5.11) by its transponse (i.e. the interchanging of rows and columns

indicated by the reversal of j and k subscripts), whereas the TLM relates input-

to output perturbations. This mathematical approach appears as an integration

backward in time, because a gradient with respect to input is determined from a

gradient with respect to output.

The main limitation of the adjoint application is that the results are only useful

when the linearization is valid. There is likely a perturbation size for which the

linearization becomes inadequate in the sense that both eq. (5.11) using a TLM and

eq. (5.12) using an adjoint approach suggest the wrong response in the nonlinear

model. Therefore, their application is limited to certain time spans depending on

the size of the considered initial perturbation.

5.2.2 Interactions between the Flow Parameters

Despite the simplicity of the OFAT-sensitivity analysis, the physical issue is not

fully resolved by its implementation. Since the �ow parameters are embedded in

the model as two external variables, the de�ned input parameter space neglects the

simultaneous variation of variables due to possible interactions between them. In

reality, interactions between the rate factor A and the creep exponent n cannot be

excluded unequivocally. Due to the complex crystal structure of ice, the respective

values of the �ow parameters change depending on the crystal order. This e�ect is

well pronounced for A and rather less for n (Chapter 2.2.2). Since the complexity

of the ice deformation is described by the two �ow parameters and because both

are in�uenced by factors such as ice temperature, impurity content, bygone crystal

history, . . . potential relationships between A and n are very likely. Field experience

and experiments indicate that the correlation is most probably just in the direction

A = A(n, . . .), the reverse instance n = n(A, . . .) remains doubtful but cannot be

excluded. However, the studied model assumes the individual �ow parameters as

independent and constant in time. Therefore, the model's setup fails to simulate

variations between the rate factor and the creep exponent.

If the outlined interaction could be formalized and implemented in the model,

the derivatives within the scope of the sensitivity analysis would gain an additional

term. In this study, the model's sensitivity is de�ned as the �rst derivative of the

output variables y(x) with respect to the individual �ow parameter x leading to

∂y

∂x
=
∂y

∂A
∪ ∂y
∂n
. (5.13)

Consequently the sensitivities for the two cases A = A(n, . . .) and n = n(A, . . .)

become
∂y

∂x
=
∂y

∂A
∗ ∂A
∂n
∪ ∂y
∂n
∗ ∂n
∂A

, (5.14)
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where the additional quotients are denoted as the cross-sensitivities of the compre-

hensive model.

5.2.3 Disregarded Controls on the Rate Factor

In a similar manner to the �ow parameter interactions, the temperature dependence

of A is neglected in the model. As explained in Chapter 2.2.2, this circumstance can

be described by A = A(T, . . .) leading to the modi�cation of eq. (5.13) as

∂y

∂A
=
∂y

∂A
∗ ∂A
∂T

. (5.15)

Although the glaciers in the Ötztal-Alps region are at the pressure melting temper-

ature except for seasonal freezing of the surface layer � therefore being temperate �

knowledge of the thermal structure is of high practical interest. For those kind of

glaciers, all heat is used to melt ice leading to liquid water stored in cracks and voids

as well as within the ice matrix. In a temperate glacier, the latter percolates between

the ice grains through the entire ice lattice thus a�ecting its deformation properties.

The percentage water content W stored in micro-veins is usually between 0.1 vol%

and 4 vol% and it a�ects the rate factor in Glen's �ow law as

A(W ) = (3.2 + 5.8 W ) ∗ 10−24 Pa−3 s−1. (5.16)

This is a laboratory �t to experiments conducted by Duval (1977), where the average

water content in layers near the glacier's bed is 0.33 vol%. The relation implies that

a change of water content from zero to 0.33 vol% corresponds to a factor of 1.6

increase of A. This circumstance indicates that water content signi�cantly softens

polycrystalline ice by faciliating adjustments between neighboring grains (Barnes

et al., 1971).

Another limitation is that the e�ect of hydrostatic pressure is neglected in the

model. For pure ice the melting temperature Tm depends on hydrostatic pressure p

by

Tm = Ttp − γ(p− ptp), (5.17)

where Ttp = 273.15 K denotes the triple point temperature and ptp = 611.73 Pa its

corresponding pressure. The Clausius-Clapeyron constant for pure ice is γ = γp =

7.42 ∗ 10−5 K kPa−1. Thus, the melting temperature shift δTm can be inserted in

eq. (2.46) to determine a more comprehensive value for the rate factor by

A = A∗ exp

(
−Qc

R

[
1

Tice + δTm
− 1

T∗

])
. (5.18)

For a given temperature, high pressures cause a small but nonnegligible softening of

ice especially in the basal layers where hydrostatic pressure is largest. Since glacier
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ice contains both soluble and isoluble chemicals as well as enclosed air bubbles, the

value γ can be as high as γ = γa = 9.8 ∗ 10−5 K kPa−1 for air saturated water

(Raymond and Harrison, 1975).

As the glaciers are considered to be isothermal at the melting temperature of

ice, it is unnecessary to include an energy conservation equation. This is a valid

approximation for the Ötztal-Alps region, but it remains inappropiate if applied

universally to all kinds of glaciers worldwide.
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Chapter 6

Discussion

6.1 Target-Performance Comparison

In the following subsections the project outcomes are confronted with the initial

research questions. In this way, the basic strategy to attain the �ndings is assessed

directly and implicit statements can simultaneously be deviated from the compar-

ison. All the relevant details are listed in the corresponding chapters dedicated to

the individual objectives.

6.1.1 Objective i: Numerical simulation of ice dynamics in a

realistic topography with a widely used ice �ow model

approach

An existing regional glacier model of the Ötztal-Alps region based on the shallow

ice approximation and the �nite di�erence method (Jarosch et al., 2013) has been

used to gain knowledge about the �ow properties of actual glacier systems. The

glaciation process is simulated for the highly-resolved topography and is forced by

reconstructed climatic conditions which prevailed in the studied region during the

little ice age � according to the MPI earth system model. The �ow of the hereby

accumulated ice masses begins only from a minimum shear stress which is achieved

once the glaciers' thickness allows deformation. Beyond this yielding point the ice

bodies progress towards lower elevated areas and the glacial advance is driven only

by gravity. The accuracy of the resulting glaciers' location is a consequence of the

interaction between the climatic conditions and the topography.

Dynamic equilibria between the glacier geometry and the external forcing can

be achieved via imposing the system repeatedly on the same climatology. The

resulting �nal states employ various �ow parameter combinations which de�ne the

di�erences among the computed glacier shapes. These reveal the basic sensitivities

to �ow parameter perturbations of the model at hand because persistent conditions

are analyzed against each other.
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6.1.2 Objective ii: Informative details for the understanding

of the relevant processes within climate projections

The key role of the ice �ow is the redistribution of mass gained at the accumulation

areas towards lower elevated ablation areas. The e�ectiveness of this downslope mass

transport is more pronounced the more �uid the glaciers' rheological properties are.

Therefore, less-viscous ice bodies cover smaller horizontal and vertical extents than

highly-viscous ice bodies under the same climatic conditions. This indicates that

the proportion of the surface height-mass balance feedback on climate projections of

the future sea level contribution of glaciers is more pronounced for ice masses with

a relatively high viscosity and is reducing signi�cantly towards lower ice viscosities.

On a global perspective, highly-viscous ice masses are polar and sub-polar

glaciers which both are not at the pressure melting point of ice. These relatively sti�

ice bodies are characterized by a lower redistribution of mass gained at the top than

exhibited by temperate mountain glaciers. A positive anomaly in the accumulation

zones is therefore transported slower downhill on slopes than for less-viscous ice

rheologies leading to a temporary thickening of the glacier tongues and thus to an

overall positive shift of net mass balance. If these highly-viscous glaciers are numeri-

cally simulated with an inaccurate ice �ow parametrization, the e�ectiveness of their

downward mass redistribution is substantially a�ected. This is directly in�uencing

the glaciers' meltable water and, �nally, their sea level contribution.

6.1.3 Objective iii: Quanti�cation of the relative importance

of single variables within the ice �ow parametrization

on the model outputs

The uncertainty of the ice �ow parametrization manifests itself in the plausible range

of the rate factor and the creep exponent in Glen's creep relation for ice. The concept

of systematically varying the model parameters (A and n) of a regional glacier model

can be used to investigate the e�ects of these parameter uncertainties on the model's

output. The results of the sensitivity analysis using the OFAT method show on the

one hand a high dependence on the value of n, on the other hand this relation can

be balanced by an appropiate value of A � within a certain range (2.9 ≤ n ≤ 3.1).

This stabilising function disappears for creep exponents larger than n ≈ 3.1, since

the model becomes more and more independent of rate factor perturbations.

Equilibrium states are not achieved for creep exponents in the transition region

between 1.75 ≤ n ≤ 2.8 therefore the e�ect of �ow parameter perturbations can not

be quanti�ed for this part of the plausible parameter space. Simulations reveal that

far smaller creep exponents than n = 3 are leading increasingly to the formation
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of ice-caps although the bedrock's shape is far beyond horizontally homogeneous

and �at (Fig. 6.1). Although the displayed states of the transition region are

merely close to their corresponding equilibrium, it is possible to derive qualitative

statements from their respective glaciers' shape.
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Figure 6.1: Glaciation (top) and mass balance properties (down) for di�erent creep

exponents of the transient parameter space close to the respective equilibrium states. The

rate factor A = 2.4 yPa−3 s−1 for all panels.

The enlarged viscosity causes a lenticular shape of the resulting ice bodies, which

entail more and more rounded edges. The smaller the creep exponent, the more

geographically �ne scaled structures are disappearing.

The glaciers' geometry is strongly in�uenced by the climatic conditions and the

mass balance model. Both are greatly simpli�ed in the present approach, because a

mean climatology has been developed to force the surface mass balances. The mass

balance model, in turn, neglects the height dependence of the glaciers' temperature

sensitivity by use of a constant DDF value. Therefore, the mass balance is a linear

function of temperature and �ne scaled structures have little meaning. However,

the utilization of n ≤ 2.25 causes the present model setup to produce unrealistic

ice thicknesses. This illustrates that creep exponents smaller than n = 2.25 are

unsuitable for modelling glacier dynamics in the investigated mountaineous terrain.
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6.1.4 Objective iv: Comparison of the OFAT sensitivity anal-

ysis with respect to di�erent methods

Advantages and disadvantages of the OFAT sensitivity approach have been discussed

so far only theoretically/qualitatively and not empirically/quantitatively. As with

the majority of simulation problems, there is the need for a suitable compromise be-

tween including more processes, with the aim of increasing the physical realism of the

model, and technical and computational resources which limit the implementation

and the number of simulations. This contradiction directly in�uences the feasibility

of the OFAT approach since it requires a large amount of computer resources to

explore the plausible parameter space with a meaningful resolution. Nevertheless,

OFAT is a widespread practice in analysing sensitivities because model outputs are

easily relateable to variable perturbations. In addition to that, the model's sensi-

tivities are investigated without modifying the associated computer code leading to

an unequivocal attribution of the results on the actual application of the model.

6.2 Conceptual Re�ections

Utilizing a RGM results in a meaningful concept to investigate the e�ect of pa-

rameter uncertainties. But nevertheless, certain restrictions have to be taken into

consideration to allow the exploration of a large parameter space.

6.2.1 On the Transition Region

The magnitude of the di�usivity and the ice thickness in�uence the width of the

transition area. This interaction manifests itself in a local maximum of timesteps

in the �ow parameter space required for the achievement of the equilibrium state.

Relatively small creep exponents cause low di�usivities and thus large timesteps.

Even though many consecutive years are required for the achievement, the �nal

state is consisting of only few stable timesteps, because the low di�usivities enable

the utilization of the longest stable timesteps for the iterations (one year). In con-

trast, relatively large creep exponents induce high di�usivities and therefore a large

redistribution of mass causing the glaciers to be thin. For this reason, ice thicknesses

are small and cause the timesteps to be larger again to achieve the equilibrium in

fewer consecutive years � therefore they are again possible. Thus, the local max-

imum of timesteps originates from the superposition of high di�usivities (∼= small

stable timesteps) as well as the large amount of consecutive years to achieve the

equilibrium state.

Consequently, the problem of the transition region is of a purely practical nature

and not a fundamental problem of the model at hand. One possibility to reduce
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the width of the transition area is to overall decrease the glaciers' geometry. This

approach can e�ectively be implemented via enhancing the value of the DDF in the

MBM. However, relatively high DDF values and thus an increase in the number of

possible equilibria are at the expense of the degree of reality. Either the glaciers

disappear completely or they become too thin to provide the applied stresses to

induce the ice �ow.
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Chapter 7

Conclusion and Outlook

7.1 Major Implications

Scienti�c interest in the consequences of parameter uncertainties prevailing in Glen's

�ow law for ice exists since its formulation in the 1950s (Glen, 1952; Glen, 1955 and

Glen, 1958). Many studies con�rm the general form of the equation and there re-

mains no doubt about the non-linear rheological properties of ice (Nye, 1953; Colbeck

and Evans, 1973; Hooke, 1981; and Weertman, 1983). Recent interest focused more

on meltable ice volume and the potential contribution to sea level rise (see Marzeion

et al., 2012 and Gregory et al., 2013 for an overview). Nevertheless, the parameter

uncertainties remain (Cu�ey and Paterson, 2010) and introduce inaccuracies in the

model, thus directly a�ecting the reliability of its results. These errors, or more

speci�cally, the quanti�cation of their consequences is the goal of this study. For

this purpose, simulations are performed for a selected set of �ow parameter pertur-

bations within computationally possible bounds, in order to determine their relative

and absolute e�ect on the model's output. The individual runs reach equilibrium

between accumulation and ablation rates, since all other model variables are �xed

to constant values and the mean climate of the 19th century is forcing the mass

balance model repeatedly. The model's spin up time is shortened drastically due

to the application of ice covered ICs which have previously been computed from ice

free settings. The present chapter only summarizes the main results of this method

and adds some future perspectives.

7.1.1 Key Findings

In all conducted SIA simulations, a gravity driven ice �ow develops, which trans-

ports mass from the accumulation zones towards lower-elevated ablation zones. The

e�ciency of this transport mechanism is highly dependend on the rheological prop-

erties of ice which can be controlled by the respective values of the �ow parameters

A and n in Glen's �ow law. Relatively high-viscous glaciers distribute their total

mass over a larger vertical range in the equilibrium state, than low-viscous ice bodies

under the same climatic conditions. The higher-viscous the glacier's rheology, the

more meltable ice is created, which directly in�uences the amount of glacierized area
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as well as the magnitude of the ice thickness. This model performance is mainly

controlled by the creep exponent and rather less by the rate factor. Both A and

n perturbations cause a strong decay of the model outputs (ice volume, glacierized

area, ice thickness) from highly-viscous towards low-viscous �ow properties. Thus,

creep exponent perturbations between n ≈ 2.9 and n ≈ 3.1 can be balanced by the

variation of the rate factor within 0.8 < A < 7.2 yPa−3 s−1 to keep the outputs

constant.

The capability of the procedure to determine the equilibrium states is investi-

gated by comparing the resulting �nal states to the ones which are achieved from

di�erent initial settings. The induced discrepancy � although small � between the

applied approach using ice covered initial states and the equilibria computed from

ice free initial settings is attributed to the fact that a rapid change of the rheological

properties of ice is always problematic. The consequences of this approach to save

computation time are investigated in this study. For low-viscous ice properties, the

utilization of ice covered initial states leads to the generation of additional ice masses

compared to simulations run from the raw bedock map. This di�erence is caused

by an interaction of the model dynamics, the boundary conditions and the applied

abort criterion. Since the rheological properties are shifted towards lower viscosities

in this case, the ice body gains additional areas down in the valleys where it has

initially been thickest. The net result is a rapid reduction of mean surface mass

balances closer towards zero, because the portion of ablation is increased due to the

relatively larger glacier tongues in more negative mass balance regions. Thus, the

approximated �nal states are closer to the perfect equilibria than those computed

from an ice free initial state � although both are based on the same abort criterion.

The best agreement between the approximated and the ideal equilibrium states

is found for higher-viscous rheologies than those of the ICs. This is due to the fact

that ice properties are sti�er than de�ned for the initial con�gurations. Thus, the

new equilibrium states are achieved via accumulation of ice instead of ice melt. The

observed di�erence leads to the hypothesis that a stricter criterion for assessing the

�nal states is reducing the magnitude of the provoked shift. As the threshold for

a rate in relative volume change per year is reduced, the glacier geometry reaches

the �true� equilibrium state much closer. Thus, the adaption process is discontinued

with less pronounced consequences and the e�ect of ice covered ICs on the results is

substantially lower. However, a further reduction of the abort criterion is supporting

an increase of computational time to achieve the respective equilibria which in turn

reduces technical feasibility.
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The results of this study show unequivocally that ice rheology and in particular

the uncertainties prevailing for the �ow parameters play a very important role for

the ice dynamics modelling of temperate glaciers and hence for the horizontal and

vertical extent of the computed ice masses. The correct representation of the �ow

properties of temperate ice in numerical models is therefore of great importance to

simulate regional glaciation and ice �ows correctly. Modellers interested in all kinds

of glacier dynamics should be aware of the consequences induced by the ice �ow

parametrization when interpreting the future behaviour of actual glacier systems

using numerical ice �ow models that are not accompanied by comprehensive sensi-

tivity analysis. Further studies with more complex �ow regimes, inhomogeneous ice

properties and surface forcings would be necessary to generalize the results of this

investigation.

7.1.2 Model Hysteresis

There is a reasonable suspicion of a hysteresis prevailing in the ice �ow model at

hand 6. Some re�ections along this line show that models undergo a hysteresis if

glaciers (with a �xed A and n) reach a certain equilibrium state in a relatively cold

climate and achieve a new equilibrium during their adjustment to a warmer climate

via melting. Therefore it makes a di�erence whether the simulation starts from an

ice free initial state or from the Last Glacial Maximum (LGM). Because of this,

the internal state is a�ected by the history of past inputs leading to di�culties in

making predictions of the model's future state.

Theoretically, the hysteresis property can be attributed to the surface height-

mass balance feedback (Oerlemans, 1981 see Chapter 3.2.2) which is more pro-

nounced for highly-viscous ice than for lower-viscous rheological responses. The

limit case of A→∞ excludes this feedback and thus the hysteresis, because the ice

response is too �liquid� to provoke a mass balance shift due to a modi�ed surface

elevation. Conversely, if A → 0 the ice properties become increasingly solid which

causes the most marked feedback e�ect, since ice thicknesses are greatest (Chapter

5.1.1). The same re�ections are valid for the creep exponent n. This leads to the hy-

pothesis that the hysteresis is related to viscosity and its opening can be controlled

by the respective values of A and n.

The hysteresis can be studied by exposing the �reference equilibrium� (recall:

A = 2.4 yPa−3 s−1 and n = 3.0) stepwise to warmer conditions while keeping

the glaciers in their dynamic equilibrium. Since the achievement of the reference

state takes 492 years from ice free ICs, the �rst attempt to investigate the phe-

nomena could be run from this initial state by increasing its surface temperatures

6Ongoing communication with Ben Marzeion and Alex Jarosch.
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with a rate of +0.001 ◦C year−1 until total ice volume equals zero km3. From this

state, temperatures could be decreased at the same rate until the initial climate is

achieved. Plotting the ice volumes against time exhibits the model's response and

thus the quanti�cation of the hysteresis. Conducting the same procedure for dif-

ferent equilibria computed for lower- or higher viscous ice rheologies could test the

theory. However, this implementation is a computationally expensive task and goes

far beyond the scope of the present thesis.

7.2 Future Improvement Possibilities

The present thesis not only enables to quantify the consequences of parameter un-

certainties, but also provides �ndings on which to base future research. On the one

hand, an improvement can be achieved by re�ning the practical methodology, on

the other hand, the e�ciency of the presented systematic approach can be increased

by modifying the computational circumstances of the simulations.

7.2.1 Development of a Parallelized Model

Currently, the model setup to solve the governing equations numerically is written

for serial computation. Therefore, the SIA-problem is broken into a discrete series

of instructions which are executed one after another on a single computer having a

single Central Processing Unit (CPU). If the discrete parts are solved concurrently

via the simultaneous use of multiple processors, the time for the achievement of

the respective equilibria is shortened, with potential cost savings. Thus, parallel

computing is much better suited for simulating the glaciation process compared to

serial computing. The prevailing ice �ow problem can be parallelized by dividing

the �nite di�erence grid into a number of smaller rectangular grids. The resulting

portions of the geophysical �ow can be solved individually on a di�erent computer

processor in parallel, if the �uxes between each of the smaller grids are communi-

cated between the CPUs. The up- and downstream ice thicknesses are the relevant

boundary conditions in this regard. The interaction between the di�erent CPUs can

be implemented by de�ning a bu�er zone between adjacent cells, that transmitts the

spatial information of the upstream surface elevation by the use of shared memory.

The result is an accurate and e�cient numerical model for ice dynamical simulations

that enables to reduce spin-up time drastically.

Wall-clock time is substantially reduced, whereas the total CPU time will remain

equal to the one for serial execution (plus some possible overhead for parallelization).

Therefore, the practical feasibility of the applied OFAT-approach is improved, since

it takes less perceived time to �nish the simulations. If CPU time is not decisive,
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the utilization of ice covered ICs becomes redundant and all A & n pairings can be

computed from ice free settings � avoiding the creation of additional ice masses in the

equilibrium states for low-viscous rheologies. Because of this, the sensitivity tests

provide standardised results which are therefore more comparable yielding more

relevant data for further investigation.

7.2.2 Drop-O� Utilization

In order to achieve improvements in analyzing sensitivities, the model's dependence

on ICs can be utilized to determine more realistic equilibria. In this study, the

respective �nal states are computed by ice construction as well as by ice melt de-

pending on the rheological properties of the ice body. The results indicate that this

technique features small disadvantages at �rst, because additional ice masses are

created spuriously if viscosities are lower than the initial con�gurations. Use can

be made of this property to reach the theoretically perfect equilibrium conditions

(ṁmean = 0) closer as possible through simulations from ice free ICs. This property

can be exploited in two ways:

1. If the computation of the absolute equilibria is of interest, the utilization of

higher-viscous initial settings is considerably more favourable than glacier ge-

ometries achieved for lower viscosities. This is due to the fact, that the abrupt

reduction of the rheological response enlarges the amount of glaciated ice areas

in the ablation zones and hence reduces the mean surface mass balances.

2. If the reduction of the CPU time is within the scope of the research question,

the utilization of lower-viscous ICs provides a reasonable technique. Both

�nal states are closely allied with a slightly increasing di�erence towards very

high-viscous glaciers.

The two suggestions can be quanti�ed by comparing the respective surface mass

balances in the �nal states resulting from ice covered or ice free ICs. The percent

error eq. (5.9) is unde�ned when the true value ψ̂ is zero as it appears in the denom-

inator, which is the case for an equilibrium's mean mass balance. In this context,

the skill δ is a scaled representation of performance that relates the accuracies of

the two approximated equilibrium states to each other via

δ = 1− ξ, (7.1)

where the quantity ξ denotes the percent error (Chapter 6.1.2). As a consequence,

the magnitude of δ describes the degree of accuracy that has been gained in relation

to ψ̂ via the de�nition of ice covered initial conditions. The approximated �nal

states are very likely equal for sti�er glaciers than the initial con�guation and 30 to
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35 % closer to the perfect equilibrium than those computed from initially ice free

settings (Fig. 7.1). The e�ect is well pronounced for relatively small n values and

disappears for n→∞ (Chapter 5.1.2).
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Figure 7.1: Comparison between the mean surface mass balances of the two methods.
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Abbreviations

CFL Courant-Friedrichs-Lewy

CMIP5 Coupled Model Intercomparison Project 5

CPU Central Processing Unit

DEM Digital Elevation Model

ELA Equilibrium Line Altitude

ESM Earth System Model

GCM Global Climate Model

IC Initial Condition

IFM Ice Flow Model

IPCC Intergovernmental Panel on Climate Change

IQR Inter Quartile Range

LGM Last Glacial Maximum

MBM Mass Balance Model

MPI Max Planck Institute for Meteorology

MUSCL Monotone Upstream-centered Scheme for Conservation Laws

NASA National Aeronautics and Space Administration

OFAT One Factor At a Time

RGM Regional Glacier Model

RCP Representative Concentration Pathway

SIA Shallow Ice Approximation

SLE Sea Level Equivalent

SLR Sea Level Rise

SRTM Shuttle Radar Topography Mission

TLM Tangent Linear Model

w.e. Water Equivalent
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Nomenclature

A Rate factor Pa−3 s−1

ak Input perturbation

arel Relatively ice covered area %

B Viscosity parameter Pa s
1
3

B̂ Model operator

b Bedrock m MSL

bj Output perturbation

bx, by Horizontal basal sliding velocity components m s−1

c Courant number

cCFL Used stable courant number

cstab Largest stable courant number

D Di�usivity coe�cient m2 s−1

D̂ Mean grain diameter mm

DDF Degree day factor m ◦C−1 month−1

E Enhancement factor

F Preferred-orientation fabric

g Acceleration due to gravity 9.81 m s−2

H Ice thickness m

H850 850 hPa geopotential height m

H500 500 hPa geopotential height m

h Ice thickness m

hmax maximum ice thickness m

I Identity tensor

Î Impurity content vol%

i, j Subscripts for x, y or z

k, l spatial discretization indices

l Lenght (of a line segment) m

M Mass of entire ice volume kg

M Set of derivatives

ṁ Surface mass balance rate m yr−1

ṁb Basal melting rate m yr−1

n Creep exponent

n.o.t. Number of timesteps

O Big-O notation for order

Pref Precipitation at the reference plane mm
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104 Nomenclature

Psolid Solid precipitation m

p Hydrostatic pressure kPa

ptr Triple point pressure kPa

Q+/− Activation energy for creep kJ mol−1

q Mass discharge vector m s−1

R Universal gas constant 8.314 J mol−1 K−1

RE Earth's radius km

r ratio

s Surface elevation m

T Temperature ◦C or K

Th Corrected ice temperature K

Tice Ice temperature ◦C or K

Ttr Triple point temperature ◦C or K

Tm Melting temperature of ice ◦C or K

Tsurf monthly mean surface temperature ◦C

Tsurf,max monthly mean maximum temperature ◦C

Tsurf,min monthly mean minimum temperature ◦C

T∗ Transition temperature K

T850 850 hPa temperature ◦C

T500 500 hPa temperature ◦C

t Time years

u, v, w Components of velocity [ux, uy, uz] m s−1

v three dimensional ice velocity m s−1

vice Total ice volume km3

W Water content vol%

x, y, z Cartesian coordinates

δ Skill %

δi,j Kronecker delta

ε Strain tensor m

εxy, εxz, εyz Shear strain components m

εxx, εyy, εzz Normal strain components m

ε̇ Strain rate tensor s−1

ε̇e E�ective strain rate of deformation s−1

ε̇o Octahedral strain rate of deformation s−1

η Viscosity Pa s

λ1, λ2, λ3 First, second and third invariant

ρice Density of ice kg m−3

σ Cauchy stress tensor N m−2
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σe E�ective shear stress N m−2

σM Mean of principal stresses N m−2

σo Octahedral shear stress N m−2

σxx, σyy, σzz Normal stress components N m−2

σ1, σ2, σ3 Principal stresses N m−2

σ́ Deviatoric stress tensor N m−2

σ́i,j Stress deviators N m−2

τd Driving shear stress N m−2

τxy, τxz, τyz Shear stress components N m−2

τxx, τyy, τzz Normal stress components N m−2

Φsb Superbee �ux limiting function

ξ Percent error %
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